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LEGEND

—

. Projection planes are marked with:
the frontal — with V;
the horizontal — with H;

— the profile — with W.

2. Points are marked with Latin capital letters: A, B, C, D, etc. or numbers: 1, 2, 3, etc.

3. Straight and curved lines are marked with lowercase Latin letters: a, b, ¢, d, etc.

4. Planes and surfaces are marked with lowercase Greek letters: a, B, etc.

5. Angles are marked with the following lowercase Greek letters: ¢, vy, etc.

6. New projection planes (different from indicated above) are marked with the additional
indexes 1, 2, 3, 4, etc. in order of their appearing. Examples:

— the first new frontal plane of projection is marked with Vy;

— the first new horizontal plane of projection — with Hy;

— the first new profile plane of projection — with Wj.

7. Projections of points and lines are marked with the same letters as their originals in space
with the relevant number of dashes and if it is needed with additional index. Examples:

— in the frontal projection V with two dashes — projection of the point A is A", projection of
the line a is a";

— in the horizontal projection H with one dash — projection of the point A is A', projection of
the line ais a';

— 1in the profile projection W with three dashes — projection of the point A is A", projection
of the line a is a"'.

8. Projections of planes and angles are marked with the relevant subscript. Examples:

— for the frontal projection V with index v — projection of the plane a is ay, projection of the
angle @ is @y;

— for the horizontal projection H with index g — projection of the plane a is ay, projection of
the angle ¢ is @g;

— for the profile projection W with index w — projection of the plane a is aw, projection of
the angle @ is @w.
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1. ORTHOGRAPHIC PROJECTION. POINT PROJECTION

Drawings, that are used in Descriptive Geometry, are called projections.

Projecting implies three components:

— an actual object for representing (a point is the simplest object of projection);

— projecting rays (projectors) that are directed from the viewer to the plane of projection
and passing through the object;

— one or several projection planes (image/picture planes).

A point projection is a point of the projecting ray and the projection plane intersecting.

There are two types of projections, with subclassifications according to the projecting rays’
direction:

— a central (conic) projection;

— a parallel projection:

a) an orthographic;

b) an oblique.

An orthographic (orthogonal) projection is a parallel projection where all projection lines
intersect the projection plane at right angles. Orthogonal projections are drawn as the multi view
drawings, that provides flat representations of the subject principal.

Two projections are enough for comprehending and solving the descriptive geometry
problems. Although, some problem can be solved easier, if two principal planes of projection would
be supplemented by the third plane, perpendicular to them. It also corresponds to Cartesian
coordinate system where the position of any point is defined by 3 coordinates: OX, OY and OZ in
space. The axis lines of this system organize 3 mutually perpendicular planes — horizontal (H),
frontal (V), profile (W).

The object is projected orthogonally in three mutually perpendicular planes of projection that
are as mentioned combined into the one drawing. It is feasible by the next actions. The axis OY is
divided (it should be cut along the OY-coordinate) and the profile (W) plane of projection to turns
around about the axis OZ to the right and the horizontal (H) plane of projection to turns down
around the axis OX to combine with the frontal (V) plane of projection (drawing plane) (fig. 1.1). In
such a case, coordinates of a point are: OX, OY, OZ — numeric values of line segments along
coordinate axes.
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Fig. 1.1. Projection planes (V, H, W):
a — a 3-dimantional model; b — a 2-dimantional drawing

For more information please see [1, p. 4-9].



Point projection. Practice
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Fig. 1.2. Add the missing points’ projections: A" — ?;
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Fig. 1.3. Add the missing points’ projection:

B'-?2,C"-? A" —?and A' - ? if the point A is far from both frontal

and horizontal projection planes equally;

B'—? and B" — ? if the point B is far from both profile
and frontal projection planes equally;
C"—?and C" - ? if the point C is far from both frontal
and horizontal projection planes equally

N

X

YY
Fig. 1.4. Draw frontal, horizontal and profile points’
projections in relevance with the given coordinates:
K (35, 35, 45);
M (25, 0, 20);
N (20, 35, 0)



2. STRAIGHT LINE LOCATION IN RELEVANCE WITH PROJECTION PLANES

A general line is a line that is not parallel and not perpendicular to any projection plane. Such
line is not projected as true view. All three projections are distorted. It is also called an oblique line.

Fig. 2.1. A general line
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A level line is a line that is parallel to one projection planes and perpendicular to both the
other. Such line is projected as true length on the plane it is parallel to. Both the other projections
are distorted and projected in parallel lines to axes. Its particular name has the same name with a
projection plane it is parallel to. For instance: if a line parallel to the frontal projecting plane, it is
called a frontal level line. The word “level” can be omitted.
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Fig. 2.2. Level lines:

Ve

a — a frontal level line; b — a horizontal level line; ¢ — a profile level line
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A projecting line is a line, that is parallel to two planes of projection, and perpendicular to
the third. Such line is projected as true length in two projection planes it is parallel to and as a point
in the third one. Such line has the same name with a projecting plane it is perpendicular to. For
instance: If a line perpendicular to the profile projecting plane, it is called a profile-projecting line
or profiled-projecting line. Such lines also can be named those two projections they are parallel to.
For instance: if a line perpendicular to the profile projection plane it is parallel to both the other —
frontal and horizontal projection planes, therefore, such line is called a frontal horizontal line.
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Fig. 2.3. Projecting lines:
a — A frontal-projecting line; b — a horizontal-projecting line; ¢ — a profile-projecting line
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The right triangle Method: A hypotenuse of a right triangle is a true length of an oblique
line where one leg is a projection of the segment, and the other leg is the distance between
endpoints of the other projection of the segment. In other words, the hypotenuse of the right triangle
is equal to the true length of the segment AB, if one of two sides is a projection of this segment,
and the other is the difference between the ends of the other projection which is supposed to be
measured (see fig. 2.10).

The right angle projection theorem — a right angle is projected in a plane of projection as
the true size, if one side of the right angle is parallel to the plane of projection, and the other side is
not perpendicular to this plane of projection.
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a b

Fig. 2.4. True legth determintation by the Right triangle method:
a — a 3-dimentional model; b — a 2-dimentional drawing

Fig. 2.5. Projection of a right angle

For more information please see [1, p. 9—13].
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Projecting lines projections. True length of a line. Inclination angles of lines. Practice
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Fig. 2.6. Draw a profile projection of the horizontal- Fig. 2.7. Draw a profile projection of the frontal-projecting

projecting segment AB. Mark with “t. 1.” those projections segment CD. Mark those projections that are projected
that are projected without distortion and represent the true  without distortion and represent the true length of CD by

length of AB. Add a point on the AB in 35 mm from “t. 1.”. Add a point on the CD in 25 mm from the frontal
the horizontal projection plane projection plane
A&
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C 0 ﬂlo LLd

£E7=F
ag
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Fig. 2.8. Draw a horizontal projection of a profile-projecting
segment EF. Mark with “t. 1.” those projections that are projected
without distortion and represent the true length of a segment.
Add a point on the EF in 30 mm from the profile projection plane
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Level lines projections.
Lines true length. Inclination angles of lines. Practice
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Fig. 2.9. Draw a profile projection of a horizontal level Fig. 2.10. Draw a profile projection of a frontal level
segment AB. Mark with “t. 1.” that projection that is segment CD. Mark with “t. 1.” that projection that is

projected without distortion and represent the true length projected without distortion and represent the true length
of a segment. Mark segment’s inclination angles ¢y 1 ¢  of a segment. Mark segment’s inclination angles @y 1 Qw
to projection planes V and W relevantly. Add a point on to projection planes H and W relevantly. Add a point on

the segment in 20 mm from the frontal projection plane the segment in 30 mm from the profile projection plane
EII E/II
(\
IE ,” F/r/
X y
y

Fig. 2.11. Draw a horizontal projection of a profile level segment EF.
Mark with “t. 1.” that projection that is projected without distortion
and represent the true length of a segment. Mark segment’s inclination
angles @y and @y to projection planes V and H relevantly.

Add a point on the segment in 20 mm from point E

15
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General lines. The True length of a general line determination.
The right-angle projection theorem. Practice

AH

B"

Fig. 2.12. It is necessary to determine graphically ~ Fig. 2.13. Add point B on a general line
the true length of a general segment AB and its (n", n") in 50 mm from the point A
inclination angles to projection planes H and V

A "
o) B n
1 C’
B n
m
X
X
C' m’
B'
B11
Fig. 2.14. Complete rectangle ABCD’s Fig. 2.15. Complete right triangle ABC’s
projections projections where its side BC lies on a frontal

level line m(m", m'); angle A is on axis X; angle
C is in horizontal projection plane H



3. PLANES. PLANES LOCATION

Planes are always drawn with limited size. But, in principle, the plane has indefinite extent.
A projection of a plane in a drawing can be set (limited) in the following ways:
— by a projection of three points (points do not lie on the same straight line);
— by a projection of a straight line and projection of a point (both of them do not lie on the
same straight line);
— by a projection of two parallel lines;
by a projection of two intersecting lines;
by a projection of any shape (triangle, rectangle);
— by plane traces.
Here are some postulates of the descriptive geometry concerning to point and line belonging:
— if two points lie in a plane, then the line joining them lies in that plane;
— 1if a line passes through two points of a plane or if it passes through a point belonging to a
plane and also parallel to a plane line, then this line belongs to the plane.
The following problems of descriptive geometry can be solved by these postulates:
drawing a line on a plane;
finding a point on a plane;
— adding a missing projection of a point of the plane;
— checking of a point belonging to a plane (fig. 3.1, a).
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= | /ﬁ'\y) P ///{j/
A /77\/1\ } 4" " Xy _
A 4
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Fig. 3.1. Point, line, and plane relation
a — point and line belogning to a plane;
b — main (principle) lines of a plane

Main (principle) lines of a plane.

There are plenty of lines belonging to the plane.

Those of them which have a special or particular position should be distinguished.

The main line of a plane is a straight line of level which belongs to the plane. A frontal plane
line is a frontal level line belonging to the given plane. A horizontal plane line is a horizontal level
line belonging to the given plane (fig. 3.1, b).

A plane can have the following positions relative to the planes of projection:

— an inclined position to all planes of projection;

— a perpendicular position to the plane of projection;

— a parallel position to the plane of projection.

A general plane is a plane, that is not parallel and not perpendicular to any planes of
projection, it is also called as an oblique plane.

17
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Fig. 3.2. A general plane

A level plane is a plane that is parallel to one plane of projection and perpendicular to both
the other. Such planes are projected as true shape in projection plane they are parallel to and as lines
paralleled to axes in others. They are named as a projection plane thay are parallel to. For instence:

If a plane is parallel to the frontal projection plane it is named as a frontal level plane (see fig. 3.3).
The word “level” can be omitted.

7he Irve size

W Ihe irve size

Fig. 3.3. Level planes:
a — frontal level plane; b — a horizontal level plane; ¢ — profile level plane
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A projecting plane is a plane that is perpendicular to one plane of projection. Such planes are
projected in one projection as an inclined line and as distorted shapes on the other. They are named
as a projection plane they are perpendicular to. For instence: if a plane is perpendicular to the
profile projection plane it is named as profile projecting plane.
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Fig. 3.4. Projecting planes:
a — a frontal-projecting plane; b — a horizontal-projecting plane; ¢ — profile-projecting plane

For more information please see [1, p. 17-21].
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Principle (main) lines of a plane — frontal and horizontal. Practice

B' n"
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m"
A )
X
X
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B
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C
Fig. 3.5. Draw on a general plane B (AABC) arbitrary Fig. 3.6. Draw principle lines: frontal f(f", f') and

principle lines — frontal f (f", f') and horizontal h(h", h") horizontal h(h", h') for a general position plane ® (mMNn)
through point of lines m and n intersection
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Fig. 3.7. Draw on a general plane ¢ (K, L, M) Fig. 3.8. Add a horizontal projection for point K(K’) and
arbitrary principle lines — frontal f(f", {') and a frontal projection for point L (L’’) under condition they
horizontal h (h", h') belong to a general plane  (By", By') set by traces
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Level planes.
True size of the level plane. Practice

z C z
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0
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y
Fig. 3.9. Draw a profile projection of a horizontal level Fig. 3.10. Draw a horizontal and a profile projections of a
plane B(AABC) set by triangle ABC. Mark by “t. s.” parallelogram ABCD as a part of frontal level plane that
projection that equals to the true size of ABC. Add missing is in 25 mm from frontal projection plane V. Mark by
projections for point K (K" — ?, K', K" — ?), belonging to “t. 5.” projection that equals to the true size of ABCD.
the plane Draw a profile level line of the plane in 20 mm from

profile projection plane

ya
L"I
K"'
EI"
F"I
X y
y

Fig. 3.11. Draw a frontal and a horizontal projections of a rectangle KLEF as a
part of profile level plane located in 20 mm from profile projection. Mark by
“t. s.” projection that equals to the true size of KLEF. Draw frontal level line

for KLEF in 30 mm from the frontal projection plane
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Projecting planes.
Projecting plane’s inclination angles. Practice
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Fig. 3.12. Draw a profile projection of a horizontal-
projecting plane set by parallel lines A and B B (A||B).
Mark its inclination angles ¢y and @w to projection planes
V and W relevantly. Add missing projections for point
K(K", K'—?, K" — ?) belonging to the plane

E"

7\
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K"=M"
P"
N"=L"
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Mo N’

/ o0
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Fig. 3.13. Draw a profile projection of a frontal-projecting
plane ®(KLNMN) set by intersecting lines KL and MN,
Mark its inclination angles ¢y and @w to projection planes
H and W relevantly. Add missing projections for point
C(C"-7,C', C" - ?) belonging to the plane

E'"

L"'

FI"
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y

Fig. 3.14. Draw a horizontal projection of profile-projecting

plane &(ALEF) set by triangle LEF, Mark its inclination
angles @y and @y to projection planes V and H relevantly.
Add missing projections for profile-projecting plane
m(m", m'— ?, m" — ?), belonging to the plane



Line and plane mutual location.
An intersection point of a line with a plane determination. Practice
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Fig. 3.15. Determine and draw both projections of Fig. 3.16. Mark frontal and draw horizontal projections for
intersection point K(K" — ?, K' — ?) where K is an point C(C" —?, C' —?) of a frontal-projecting line 1(1", 1') and

intersection point of the horizontal-projecting line general position plane f(mMn) intersection. Design a drawing
n(n", n') and frontal-projecting plane B(AABC) according to line visibility in relevance with a plane
12 m ” 1”
m k
/ /7 17
/7 17
X
X m’
8:=m=n’ )
n
k ’
/ ’

Fig. 3.17. Mark both projections of point E(E" — ?, E'— ?) Fig. 3.18. Draw intersection point for a general position

where E is an intersection point of a general position line line 1(1", I') with general position plane @(m|[n).
1(1", 1) with horizontal-projecting plane B(m|n). Design a Design a drawing according to line visibility
drawing according to line visibility in relevance with a plane in relevance with a plane
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4. SURFACES

A surface is the locus of the different positions of a line or curve in space. A surface is the
envelope surface that surrounds a solid (body).

A generatrix is a line that forms a surface by motion on some direction. The movement may
retain or change a shape. The movement of the generatrix can be subjected to a law, or it can have
an arbitrary character. In the first case, the surface will be legitimate or regular, and in the second
one it will be random (irregular). The law of the generatrix movement is usually determined by
another line, which is called a guideline or a guidex that a generatrix slides on. In some cases, one
of the guidelines can be converted to a point (vertex conical surface) when one end of generatrix is
fixed, or in the infinity (cylindrical surface).

4.1. Polyhedral surfaces and solids

A polyhedral surface is a surface, that is formed by the movement of a rectilinear generatrix
on a broken line, for example, pyramidal (with top) and prismatic (without top) surface.

A polyhedron is a solid shape that is bounded by a polyhedral surface. Polyhedron outline is
drawn as projections of its faces and edges in a drawing.

A prismatic surface is a surface, that is formed by the movement of a rectilinear generatrix
by a broken line.

A prism is a polyhedron that has two parallel bases that are the same, and faces that are
tetragons (quadrangles). A prism is called right (straight) if its edges (lines of intersection of the
adjacent faces) are perpendicular to the base, and oblique (inclined) if it is not A pyramidal
surface is a surface, that is formed by the movement of a rectilinear generatrix by a broken line
with one fixed generatrix end — vertex.

A pyramid is a polyhedron having one base (polyhedron), vertex (top), faces (triangles) and
edges (ribs) (lines of intersection of the adjacent faces) that are intersected at one point (the top of a
pyramid) in general. A pyramid is called truncated if its top is cut and the pyramid has two bases.
If the top base is parallel to the bottom one, a pyramid is called frustum.

Prisms and pyramids are called regular if its base is a regular polygon, that can be inscribed
into the circle and has equal sides.

If points belong to edges, meridians (outlines) in other words to any specific elements of a
surface, their projections can be found on their belonging by connection line.

There is a particular case when a surface is a projecting surface that enable to find missing
projections of points lying on it without additional constructions, as this kind of surfaces has a
collective property, when a projecting object (line, plane, surface) collects everything belonging to
a surface on a linier outline. Right prisms and cylinders are such kind of surfaces (see fig. 4.1).

In order to find missing points of projections that belong to some surface (except
projecting), it is necessary to build an auxiliary line on a given surface, passing through a given
point of the projection. Firstly, it is necessary to construct the projection of this auxiliary line, and
then to draw the required projection of the point on it. For this purpose, we can use various lines:
lines of generatrix, parallels, meridians, etc. It is feasible by the postulates described above: if a
point belongs to a line, the projection of this point belongs to the projection of this line. There
are two methods, that a described below.

The Generatrix Method.

This method is also called the method of forming. The line m’’ is one of the uncountable
numbers of generatrixes is drawn from the pyramid top up to its base through the point K”
(fig. 4.2). A line is the shortest distance between two points. In order to draw any line, we should
draw its two end points. Both these points of the line m belong to some specific elements of the
surface, and their projections can be found by connection lines in accordance with their belonging
and without any auxiliary actions. One of them is on the top (vertex) and the other is on the base of
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pyramid or cone. Their horizontal projections are the result of connection lines intersection with the
relevant object’s elements — the vertex and the base. Given point K can also be specified by a
connection line intersection with the constructed auxiliary line.

The method of auxiliary cutting planes.

This method is also known as the level planes method. When an auxiliary cutting plane
intersects a surface parallel to the base, it forms a shape similar to the surface’s base. (a polygon or
a circle that depends on the type of surface).

If an imaging cutting plane of the level passes through the projection of the required point P”
projections of this point belong to projections of the section. It enables to draw firstly the section
and then specify the point on its side/sides.

If it is a polygon (pyramid case), a similar shape can be found by an additional point on any side
edge. (Except edges that are located vertically). As the shape is similar to the base, each side of the
auxiliary shape is parallel to the base sides. The shape can be drawn by drawing parallel lines from the
found additional point. If a section is a circle (cone, sphere, torus, etc.) a radius should be measured
(distance between the centre line (axis line) and the generatrix line (surface boundary line).

#\
/4 1/_ —5/1 [// A w 5 [III 7”/ Blll
7 Y1 |
W 2 o
Fg
S (77
Ao” | Bo” lo” 0" = (0" Bo”
. & { <
A’ =Ap <,
Yo7 \I y =0 A Y
SEe \
/ (o .

Fig. 4.1. Specifying points on projecting surfaces:
a — prismatic surfaces; b — cylidrical surfaces

Fig. 4.2. Specifying points on non projecting surfaces eather by the Generatrix Method
and The Method of auxiliary cutting planes:
a — piramidal surfaces; b — conical surfaces
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Constructing the third projection — the profile.

A point in space has three coordinates — x, y, z as it has been mentioned before, therefore, it is
possible to set axes X, y and z for completing projections. This method is called a baseline method
(fig. 4.3, a) and implies setting axes separately for each projection plane, not as a Cartesian system.
In this case, each projection has a pair of coordinates: the frontal projection is a combination of z
and x axes, the horizontal has x and y coordinates, and the profile projection is obtained by z and y
axes. Such separate comprehension allows locating projections flexibly relatively to each other.
A baseline method means using the y-coordinate that is true for two projections by measuring it
from one axis and taking it from another for drawing a profile projection. This method is mentioned
as a kind of measuring method with using a divider or a rule. There is also a miter line method
(fig. 4.3, b) where there is no measuring, though using an inclined in 45 degrees line that should be

drawing from the front view down. This method is not considered in detail, as because of its
disadvantages it is not supposed to be used.
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Fig. 4.3. Methods for constructing the profile projection:

a — a base-line method; b — a miter method
For more information see [1, p. 34—43].
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Coming back to a baseline method, if a horizontal projection of a surface has an axis of
symmetry (circle, square and other), a baseline should be taken through this axis. It eases drawing
by having two equal coordinates (positive and negative y) that can be measured ones and used
twice. If the horizontal projection of a surface has no axis of symmetry (triangle, pentagon and
other), baseline should be taken through the topmost of base in this case, all measurements will be
taken to one direction (positive y).

Note! There is no obligatory in taking a base line, it can be taken anywhere. Therefore, all
recommendations that have been given above are supposed to ease work as much as it is possible.

Prisms. Practice

4 //_:40 ”
1
1
3.3,
2//_:20 "
1
” 6,/:60 "
¢ = Y
77,
1
1
I 1
fo: o
5 8//:_80 ”
2,6,

4023527528,

432728’

Fig. 4.4. Draw a profile projection of a right square prism with sections: by horizontal level cutting plane,
two frontal-projecting cutting planes, and two profile level cutting planes

28



ML

Fig. 4.5. Add frontal projection of a broken line 1234 (1'2'3'4")
on an oblique triangular prism
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4.2. Revolution surfaces
4.2.1. Ruled surfaces. Cylinder and cone (circular)

A revolution surface is a surface that is formed by a movement of a line (generatrix) around
another fixed straight line. This fixed straight line is called an axis line of rotation. A surface is
called ruled if the generatrix is a straight line, and it is called curved when the generatrix is not a
straight line. All points of generatrix rotate around the axis on circles with relevant radiuses that are
called parallels.

The parallel with the smallest diameter is called the neck or throaght, and with the largest
diameter as the equator. A meridian is an outline which is formed by intersection of a surface with
the plane of level — frontal or profile.

M The profile meridian

The equator

Fig. 4.12 A revolution surface

A cylindrical surface of revolution is a ruled surface formed by parallel movement of a
straight line (generatrix) on a circular or elliptical generatrix. A cylinder is a body bordered by
cylindrical surface of revolution (side surface) with two parallel bases which are perpendicular to
the axis of rotation.

A cylinder is circular if its bases are circles, and elliptical if the bases are ellipses. A cylinder
is right if the axis of rotation is perpendicular to its bases.

There are three possible cylinder sections:

1. If a cutting plane is parallel to the bases it cuts a shape that is similar to the base (fig. 4.13, a).

2. If a cutting plane is parallel to the axis of rotation it cuts some rectangle (fig. 4.13, b).

3. If a cutting plane is inclined to the axis of rotation (angle is not 90°) it cuts an ellipse
(fig. 4.13, ¢).

By
T | | B
-

a b c

Fig. 4.13. Three possible cylinder sections:
a — a circle; b — a rectangle; ¢ — an ellipse
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A conical surface is produced by rotation of a straight line (generatrix) round the circular or
elliptical axis (directrix) intersecting it. In other words, one end of the generatrix is fixed and
referred to as a vertex (top).

A cone is a solid bordered by a conical revolution surface (side surface) with one base which.
A cone is right if the axis of rotation is perpendicular to the base, and a cone is oblique when the
axis is not perpendicular to the base. The frustum cone is formed by a cutting plane that is parallel
to the base of the cone, and it has two bases. It is a particular case of a truncated cone where the
cutting plane (top base) is not parallel to the bottom.

There are five types of conical sections that are subdivided in accordance with the direction
of a cutting plane.

1. Cutting plane is perpendicular to the cone axis, a circle is obtained (fig. 4.14, a) (in case if
a cone is circular).

2. Cutting plane passes through the cone vertex and cuts a pair of generatrix lines, which
form a triangle (fig. 4.14, b).

If the cutting plane is inclined to the rotation axis and does not pass through its vertex, then it
is possible to obtain three types of lines in the section.

3. If a cutting plane is not parallel to any generatrix, an ellipse is obtained (fig. 4.14, c).

4. If a cutting plane is parallel to one generatrix, a parabola is obtained (fig. 4.14, d).

5. If a cutting plane is parallel to two generatrixes, a hyperbola is obtained (fig. 4.14, e).
Fig. 4.14. Five possible cone’s sections:

a — by a parallel plane to its base; b — by a plane passed through the cone vertex;
¢ — by an inclined plane to all generatrixes; d — by a parallel plane to a generatrix;
e — by a perpendicular plane to its base

|
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4.2.2. Surfaces of the 2" order. Sphere

A spherical surface is a surface formed by rotation of a circle round its diameter. This
surface is a set of equally-spaced points from the centre. Sphere is the only one surface which has
an infinity numbers of axis passed through the centre. This property is used in solving points on a
surface and many other descriptive problems.

Spherical surfaces are drawn as a circle in all three projections with the equal diameter.
In other words, all its outlines are circles. Every point on the sphere is rotated on some circles,
which are called parallels.

A ball (sphere) is a solid (body) bordered by a spherical surface.

A frontal outline is the main frontal meridian. It is projected as a horizontal line on the
horizontal axis line in the horizontal projection and as a vertical line is the same with the vertical
axis line in the profile projection.

A horizontal outline is the equator of a sphere. It takes the same place with the horizontal
axis in the frontal and the profile projections.

A profile outline is the main profile meridian, and it is combined with the vertical axis line
in the horizontal projection and with the vertical axis line in the frontal projection.

The Method of auxiliary cutting planes is used for solving a point on the ball.

There is only one type of section for a ball, and it is a circle. But this circle can be
projected as three different images in the drawing. It depends on the direction of a cutting plane.

1. If a cutting plane is a horizontal level plane, this section is drawn as a line in the frontal
and profile projections and as a circle in the horizontal projection (fig. 4.21, a).

2. If a cutting plane is a profile level plane, this section is drawn as a line in the frontal and
horizontal projections and as a circle in the profile projection (fig. 4.21, a).

3. If a cutting plane is a projecting plane, this section is drawn as a line in this plane of
projection and as ellipses in two other planes (fig. 4.21, b).

A circle needs only specifying its centre and knowing its radius. So according to this all
points on its surface can be solved by the method of auxiliary cutting planes in all planes of
projections.

Xv

Fig. 4.21. Three possible representations of a ball section:
a — vertical and horizontal cutting planes; b — an inclined cuttingplane
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4.2.3. Surfaces of the 4™ order. Tori

A torus surface (colloquially donut) is formed by rotation of forming circle by the guidex
round the axis that belongs to the same plane as the circle, but it does not pass through the centre of
this circle. The guidex is a circle with a radius (fig. 4.22).

A torus is a solid (body) bordered by a torus surface. Torus is open if the outlines of the
generatrix circle do not touch each other and do not intersect. Such torus is also called a ring torus
(fig. 4.22, a, fig. 4.33, a). In other words, if R is more than r (R > r) where R is the radius of the
guide circle and r is the radius of the generating circle. The internal side of the ring torus forms a
globoid surface (fig. 4.22, d).

A torus is closed if R is equal to r (R = r), what means that outlines of the generating circle
touches each other (fig. 4.22, b). It is also called horn torus. A torus is a self-crossing if outlines of
the generating circles intersect. In this case, R is less than r (R <r).

Such torus is also called a spindle torus (fig. 4.22, c¢). Its inner part describes a toroid surface
that can be called a lemon torus (fig. 4.22, e). If torus has the frontal-projecting axis i it is drawn as

it is shown (fig. 4.22).

b c

dh
A

Fig. 4.26. Torus surfaces:
a — an open/ring torus; b — a closed/horn torus; ¢ — a self-crossing/spindle torus;
d, e — a globoid; f, g — a lemon torus

There are six types of section for torus. Two of them are circles if a cutting plane passes
through the axis of rotation.

A method of cutting planes is used for solution of the projection points on a ring tori. When a
guidex circle is parallel to the frontal projection, auxiliary cutting planes are planes of frontal level
which are projected as circles in the frontal projection and as lines in the horizontal projection
(fig. 4.23).

For more information see [1, p. 43—45].
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Fig. 4.27. Possible cases of torus sections:
a — two circles which are the same with generatrix circle; b — a plane bordered by two circles
(with a big and small radii)

1. If a cutting plane is perpendicular to the axis line, the section is a plane which is bordered
by two circles with a big radius (Rbc) and a small radius (Rsc) (fig. 4.23, a).

2. If a cutting plane combines (passes through the axis line) with the axis line, the section is
two circles which have the same radius with the generatrix circle (fig. 4.23, b). Distance t is zero in
this case. This distance t is taken for explanation. It is a distance which describe the location of the
cutting plane.

3. When R < t < R, where R is the radius of the guide circle and R; is the radius of the
biggest circle of a torus, the section is an ellipse with two axes of symmetry (vertical and
horizontal) (fig. 4.23, ¢).

4. When Ry <t <R, where Ry is the radius of the smallest circle of the torus, the section is a
wavy curve (fig. 4.23, d).

5. When t = Ry, the section is a double petal curve. This section is called a lemniscate of
Bernoulli (fig. 4.23, e).

6. When t < Ry, the section is two ellipses with one line of symmetry (fig. 4.23, /).

All last four sections are called curves of Perseus (fig. 4.23).
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Fig. 4.28. Possible cases of torus sections:
a — an ellipse with two symmetry lines; b — a closed curve line; ¢ — a double petal curve;
d —two ellipses with one (horizontal) symmetry line

For more information see [1, p. 45—48].
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6. SURFACE INTERSECTION

6.1. Particular cases

There are particular problems and general. Particular cases can be solved by surfaces property
without auxiliary actions.

Four particular cases:

1. Intersection of two projecting surfaces, where the side surface is perpendicular to a
projection plane (fig. 6.1, a).

2. Intersection of some surfaces when only one surface is projecting (fig. 6.1, b).

Ve
A~

e

Fig. 6.1. Intersection of surfaces, particular cases:
a — intersection of two projecting surfaces (a prism with a cylinder); b — intersection of one projecting
and one non-projecting surfaces (a cone with a prism)

3. Intersection of some surfaces of revolution with the same axis of rotation for them
(fig. 6.2, b). Such surfaces are called coaxial and intersect in a circular intersection line, which is
perpendicular to the axis of rotation surfaces. At that, if the axis of rotation surfaces is parallel to the
projection plane, the intersection line is projected onto this plane as a line-segment.

4. Monge’s Theorem. If two surfaces of the second order are described around or inscribed
into the third surface of the second order, the line of their mutual intersection decomposes into two
plane curves. The planes of these curves pass through a straight line connecting the intersection
points of the tangent lines.

Fig. 6.2. Intersection of surfaces, particular cases:
a — intersection of coaxial surfaces (spheres, a cone, and a cylinder);
b — intersection of two cones which are described around one sphere

For more information, see [1, p. 49-50].
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6.2. General cases
6.2.1. Method of the auxiliary cutting planes

This method is also called the way of auxiliary planes, and it is applicable if:

— the common symmetry plane of two intersecting surfaces is a level plane;

— sections obtained by a level plane for both surfaces are an easy-drawn lines — straight lines
or circles.

By the first circumstance, intersection points of the surface’s outlines belong to a required line
of intersection and set the beginning and the end of it. The intersection line is supposed to be found
by a set of points as an approximate line. Then more points are then more precise line. These points
are common points for both surfaces. Therefore, it is necessary to find common points in one level
plane. That means auxiliary planes which are level planes should be set for solving this problem.
Such planes cut simple shapes from the surfaces which can be specified on the other projection, as
it’s been discussed above. Required points are points of intersection of the constructed sections.
Their second projection can be found by their belonging: if the point was detected by a level plane,
this point belongs to this plane and its projection belongs to the plane projection. Therefore, the
second projection can be specified by a connection line only. The connection line should be drawn
to interaction with the auxiliary level plane projection.

Fig. 6.7. Determining of an intersection line of a straight circular cone with a ball by
the Method of auxiliary cutting level plane

For constructing the intersection line of the given surfaces it is advisable to introduce the
frontal plane and a number of horizontal planes (o, o2, avs, Ovs) as the auxiliary planes or vice
versa. At the end, all points are connected in accordance with the given or taken order and obtain a
smooth curve line in accordance with visibility.

For more information, see [1, p. 52].
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6.2.2. Method of the auxiliary concentric spheres

This method is widely used for solution of problems on intersection lines construction for
revolution surfaces with intersecting axes. It works by particular properties of a sphere:

— possibility to set any axis through its centre;

— possibility to be a coaxial surface to any revolution surfaces.

Note: if a plane of revolution surface axes is not parallel to the projection plane, the circles of
their intersection are projected as ellipses and this makes the solution of the problem more
complicated. For this reason, the method of auxiliary spheres should be used if:

— intersecting surfaces are surfaces of revolution;

—surfaces axes intersect and an intersection point can be taken for the centre of auxiliary
spheres;

— both surfaces have a common plane of symmetry that is a level plane.

The beginning and the end points are specified as intersection points of the surfaces outlines
(their level plane sections) as it has been mentioned above. Determining of the other points requires
setting auxiliary spheres as mediators. Note: not all spheres may be used for the problem solution.
The limits of the auxiliary spheres' usage should be considered.

The maximum radius of a cutting sphere is equal to the distance from the centre O to the
farthest intersection point of the level outlines. The minimum cutting sphere is a sphere, which
contacts one surface in other words it is inscribed into it, and intersect another. Therefore, it is
necessary to inscribe spheres as the minimum ones into both given surfaces and select the
appropriate one. Radii for all given spheres should be in the following range: Rmax > Raux > Rmin.

When limits are clear, it is necessary to draw an auxiliary sphere of an arbitrary radius in the
given range from the intersection point of the axes (point O’). This sphere is simultaneously coaxial
to both surfaces and intersect with them in circular sections. As theirs common axes are parallel to
the projection plane, they are projected in linear projection (line segment). As it has been
mentioned, planes intersect in a line. Therefore, the taken auxiliary sphere provides us with two
planes which are two circles, however, as these circles projects in lines their line of intersection
projects in a point (literally in two competing points). As these two points are a result of
intersection, they are common for both surfaces the section by a sphere were taken for. Line of
intersection is a set of such common points. The rest of points should be determined by the same
way with other auxiliary spheres. The other projection of points is drawn by their belonging with
the help of the cutting plane method as usual. At the end point should be joined in the taken order in
relevance with the visibility.

Fig. 6.12. Determining of an intersection line of a straight circular cone with a straight circular cylinder
by the Method of auxiliary concentric spheres
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6.2.3. Method of the auxiliary eccentric spheres

There are three graphical conditions for applying the method of auxiliary eccentric spheres:

— intersecting revolution surfaces of fourth order (open or closed torus) or surfaces of
elliptical cylinder;

— there is a common plane of symmetry for both surfaces, and it is a level plane;

— axes of surfaces intersect or cross.

The essence of this method is similar to the previous one — concentric spheres method. The
difference is that all auxiliary eccentric spheres have different centres. Therefore, a centre for all
spheres should be specifying before their drawing.

The beginning and the end points are points of level outlines intersection, and they limit the
field of solution.

As centres of spheres are varied, they are unknown, but we know that coaxial surfaces
intersect in circles that makes possible to set firstly a circular section for one of the given surfaces.
It is possible by taking an imaginary cutting plane (a) that cuts a circular section. It gives the centre
or the middle point of the section, as the section is a circle. A perpendicular through the middle of
the section is a radius of the required auxiliary sphere. The centre of this sphere is an intersection
point of the perpendicular with the axis of the second surface. Having the centre enables to draw an
auxiliary sphere from the found centre with radius that equals to distance from the centre to the
limit points of the taken section (on the outline). The next part of the solving algorithm is the same
as for the Method of auxiliary concentric sphere. The auxiliary sphere intersects with both surfaces
in circles, one of them is known as it was taken before, and the second one is specified by the
sphere intersection. Having two projections of circular sections gives their intersection line that is
projected in one point (two competing points), that is a part of the required intersection line. The
other projection of points is solved by their belonging and cutting plane method. Points are
connected in the taken order.

Fig. 6.16. Determining of an intersection line of a straight truncated circular cone with half
of torus by the Method of auxiliary eccentric spheres
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7. TRANSFORMATION METHODS
7.1. The auxiliary plane method

The auxiliary plane method is also known as the change of reference-line method or the
Method for replacement of planes, and implies the substitution of a principal projection plane
with a new one. The original does not change its location. A new projection plane should be taken
in such a way that projection objects would change their property (e. g. general position objects are
supposed to become particular ones) (fig. 7.1).

Fig. 7.1. A 3-dimentional model of a plane replacement

Four principal problems solved by the auxiliary plane method

1. Transform a line of general position into a line of level. Such transformation enables to deter-
mine the true size of the line-segment and its inclination angles to the projection planes (fig. 7.2, a).

2. Transform a level line into a projecting line, i. . set it perpendicular to the projection plane
and project the line as a point in this plane (fig. 7.2, b).

Fig. 7.2. The auxiliary plane method:
a — transformation a general line into a level line; b — transformation of a horizontal level line into a frontal projecting line;
¢ — transformation of a general plane into a frontal projecting plane; d — transformation of a frontal-projecting plane into
a horizontal level plane
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3. Transform a general plane into a projecting one (fig. 7.2, ¢), 1. e. positioned perpendicular
to one of the projection planes.

4. Transform a projecting plane into a level plane (fig. 7.2, d).

In order to transform the general object (a line or a plane) into projecting one, it is necessary
to make two replacements, i. e. solve both problems, the first and the second ones, successively.
Firstly we transform a general object into a level and then it is transformed into a projecting line.

7.2. Method for rotation around projecting axis

According to this method, the object has to be rotated around some projecting axis for
changing its property from general into particular. In other words, the object changes its position
and planes of projection are static, in contrast with the previous method. In such method, a general
line can be transformed into a level line by its rotating to the parallel to axis location round set
projecting axis.

Fig. 7.3. Determining of the line true length by the rotation around projecting axis method:
a — a 3-dimantional model; b — a drawing of it

7.3. Method for rotation around main line (frontal or horizontal)

For solving a problem by this method, the main line (f or h) obviously should be drawn
firstly. This level line is used as an axis line of rotation. Then, the traces of auxiliary rotation planes
for all plane points are specified as perpendiculars to the level line. One point is fixed as it belongs
to a level line, and it rotates round itself. Points of intersection of those perpendiculars with the
main (level) line are centres of rotation. Radii of their rotation are general lines, and their true
length should be solved by any known method.

These two methods are also called methods of revolution about a line axis.

Fig. 7.4. Determining of a plane true size by the rotation around its main line (horizontal) method:
a — a 3-dimantional model; b — a drawing of it
For more information, see [1, p. 29-34].
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Solids sectioning by a general plane
(transformation methods). Practice

S"

C"

A"

Fig. 7.12. Obtain an intersection line of the oblique square pyramid SDEFK with the general plane B(AABC).
Determine the true shape of a section taking a horizontal main line for f(AABC). Use the auxiliary plane
method (Change of reference-line method). It is also required to determine the true shape
of the B(AABC) plane by the rotation method



B" ,

Fig. 7.13. Obtain an intersection line of the oblique circular cylinder with the general position plane f(AABC).
Determine the true shape of a section taking a horizontal principal line for B(AABC). Use the Projection plane
replacement method (Change of reference-line method). It is also required to determine the true shape
of the ABC triangle by the rotation method
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8. SURFACE DEVELOPMENT. METHOD OF TRIANGULATION

The development of the side surface of the pyramid according to the true size of its edges is
carried out using the following graphical algorithm.

1. Specify the true size for all pyramid edges by any method (Method of rotation around
projecting line, method of replacement planes of projection etc.) and for its base. (If the base is the
plane of the level, then its true size is given in one of the projections).

2. Draw the faces of the pyramid successively in the free field of the drawing according to
their true sizes with compass by some additional thin arcs, so that they have a circular vertex S and
adjoin each other.

3. Finish the drawing in accordance with GOSTs — fold lines have to be drawn by Long
dashed double dotted thin line.

Fig. 8.1. The development of a triangular pyramid surface
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9. AXONOMETRIC PROJECTION
9.1. Orthogonal isometric projection

It is also known as an isometric axonometry. By this type of the axonometric projections,
angles among axis lines are equal to 120°. The distortion coefficients are: K )% +K§ +KZ2 =2.

Therefore, K, =K, =K, =0.82! [4] (0.816 [9]). In drawing practice, the projected unit

length segments are rounded to the nearest whole number for K, =K, = K_ =1 simplifying work

with axonometric and equal to which corresponds to the obtained representation enlarged by a
factor 1.22 [4] (1.225 [9)).

A circle in axonometric projection is generally projected in an ellipse. When constructing an
ellipse, it is necessary to know the direction of its axes and their dimensions. There are several
methods for drawing a circle in isometric projection. Here is the one of them (see fig. 9.1). The
biggest axis of ellipse is 4B = 1.22d the smallest axis is CE = 0.71d where d is the diameter of the
given circle (fig. 9.1).

Z Kz:/

Fig. 9.1. An isometric projection of a circle

Note: a minor axis of an ellipse is always perpendicular to the major one. When a circle
projection is constructed (a circle lies in one of the co-ordinate planes), the minor axis of the ellipse
is directed parallel to the axonometric axis which does not participate in the formation of the plane.

9.2. Orthogonal dimetric projection
Dimetric axonometry is used when a view of the object to be represented is of main

importance and for square surfaces if their edges are located on axes. For the orthogonal dimetric

projection, two factors are equal and the third one is a half of one of them: K =K, = 0.94%,

Ky:0.471. After their simplification they are: K, =K, =12 and K, = 052 The axis Z is

vertical, the axis x has an angle 7°10° ' (7° %) with the horizontal level and the axis y has angle
41°25” (42°%). These angles can be specified in the following way (fig. 9.2, a):

Circles by the orthogonal dimetric projection method are ellipses. Two of them are the same
and the third one is different. The biggest axis AB for all three ellipses is 1.06d. For circles in the
68



horizontal and profile projection planes, the smallest axis CE has the same direction with axes x and
z, respectively, and is equal to 0.35d. For a circle in the frontal plane of projection it is 0.95d and
the biggest axis AB is perpendicular to the axis y. The biggest axis and the smallest one are
mutually perpendicular (fig. 9.2, b).

Z
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f6 76 543271 1723545678
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a i J

Fig .9.2. Orthogonal dimetric projection:
a — angles between axes for an orthogonal dimetric projection; b — an orthogonal dimetric projection of a circle

9.3. Oblique frontal isometric projection

Oblique frontal isometric projection is also known as a Cavalier axonometry. This projection
method is similar to the cabinet axonometry except that the scales on the three projected axes are
identical and equal to 1. In both other projections, circles are distorted in ellipses with the major
axis AB that is equal to 1.3d and the minor CE that is equal to 0.54d. The major axis has an
inclination in 22°3” [4], (7° [9]) to the axes z and x for the projection of a profile level circle and for
the projection of a horizontal level circle, respectively (fig. 9.3).
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Kw=l

Fig. 9.3. An oblique frontal isometrci projection of a circle (cavalier axonometry)
9.4. Oblique frontal dimetric projection

Oblique frontal dimetric projection is also known as a cabinet axonometry. As for all
dimetric projection distortions, coefficients are: K, =K, =1 and K, =0.5 (their precise value have

been mentioned above). In this type of oblique axonometry, the projection plane is normally vertical
and the projection of the third coordinate axis is chosen by convention at 45° to the remaining
projected orthogonal axes. In such axonometry the frontal plane of projection is not distorted and
saves its true representation (a circle is a circle). (fig. 9.4). In both other projections, circles are
distorted in ellipses with the major axis AB that is equal to 1.07d and the minor CE that is equal to
0.33d. The major axis has an inclination in 7°14’" (7°) to the axes z and x for the projection of a
profile level circle and for the projection of a horizontal level circle, respectively.

Fig. 9.4. An oblique frontal dimetric projection of a circle (cabinet axonometry)

For more information see standards [4; 9].
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