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OUEHKA HAUPS)KEHHOI'O COCTOSAHUMSA YHHPYT OIVIACTHYECKOI'O TEJIA
B OKPECTHOCTH YTI'JIOBOM TOYKH

Considering modified method of decomposition on power parameter for the decision of boundary value problems for plasticity
law with nonlinear hardening in the neighborhood of singular boundary point. The recurrent sequence of boundary value problems
about own values and functions of the nonlinear differential operator is solved. The numerical analysis of decisions for fields of pres-
sure in the area adjoining to singular of a point of border is carried out. Influence of plastic properties on balance of the ‘material is
investigated. )

[lpu pemenu# KpaeBbIX 3afay HEIHHEHHON MEXaHUKH CIUIONIHBIX CpPEll Ba)KHOE MECTO 3aHMMaeT MOJTy-
YeHHE aJCKBATHBIX OLCHOK HANpPSHKCHHOIO COCTOSHUSA B OKPECTHOCTH CHHIYJSPHBIX TOYEK IPaHMIBI
obnactu. M3-3a HeNMHEHHOCTH pa3pelialolinX YpaBHEHHUII M CHHTYIPHOCTH MONed HanpshKeHHH u je-
dhopManuii B ynpyroniaacTHIecKUX 3a/a4ax 0 KOHIEHTpaTopax HalpsHKEeHUHM B pamKax paslHYHbIX TeOpHit
IUTACTHYHOCTH MOIYYHJIM PAacIpOCTPaHEHHE BapHaHTBl METOJa BO3MYILEHHH, MO3BOIAIOLIME HaXOIUTh
peleHne, OJIH3K0e K YXKe H3BECTHOMY TOYHOMY. [Ipu 5TOM BO3MYILEHHIO MOXHO HOABEPraTh Kak Gopmy
Tena, TaK M TPaHAYHBIE YCIOBHA. Tak, METOX yIpyrux peueHu# [1, 2] ucnoms3oBancs 4 pelieHus 3anad
JIehopMallMOHHOH TEOPUH IUIACTHYHOCTH M WIEANBHOM IIIACTHYHOCTH, @ B TECOPUH TEUEHUS C YIIPOUYHEHH-
€M TIPUMCHICA METOJA Ppa3lIoKEHHs MO NapaMeTpy HarpyxeHus [3, 4], pemynupyromui (U3HYECKH
HEJIMHEHHYIO KPaeByIO 3aJladyy B HETOINOHOMHOM IOCTaHOBKE K PEKYypPpEHTHOH MOCIEOOBATEIBHOCTH JIH-
HeltHbIX 3a71a4 ¢ (QUKTUBHBIMH MacCOBBIMH ciIaMH. OCOOCHHOCTH BO3HHKAOIIMX PCIIEHHUH CBI3aHEBI C
BHIOOpOM TapaMmeTpa paznioxeHus. B [1] B kauecTBe MmapaMeTpa paccMaTpUBAIach BENHYHHA, OOpaTHas
MOZIYJI0 OOBEMHOTO CXKaTH4, B [2] mapaMeTp XapakTepH3yeT pa3ilHdie MEXKIy IIIOCKMM H OCECHMMETpHY-
HBEIM COCTOsSHUEM, B [3, 4] — 6e3pa3MepHEIH mapaMeTp, YUMTHIBAIOMMI BHCIIHHE HArpy3Kku. OOBIYHO B Ta-
KHX 3aJadax BOIPOC O CXOAMMOCTH NpHONIKeHul pemaercd B oOmeM Buzae. JJOKa3bIBalOTCS TEOPEMBI O
CYLIECTBOBAaHHU HETPHBHAIBbHOI 00/1acTH 3HAaUCHHI IapaMeTpa, I¢ Il pellleHHH CXOAITCS B TOM WIH
HHOM cMbiciie [5—7]. OgHako B KOHKPETHBIX KpaeBRIX 33jaydax JaXe HaxXx0)KIeHHE HECKONBKHX IEpBBIX
YJIEHOB TMO3BONACT MONYYUTH 3HAUHTEIBHYIO HHPOPMAIHIO O HAaNPSIKCHHO-NeHOPMHPYEMOM COCTOSHHH
CpEIBL.

B To ke BpeMs NpH MPUMEHEHHMH CTAHAAPTHOTO BAPHMAHTAa METOJIa BO3MYINEHHH B OKPECTHOCTH CHHIY-
JIIPHBIX TOYEK IPAHHUIBI 00NACTH BO3HUKAIOT CYIIECTBEHHBIE NOTPEIIHOCTH PELICHHH. JTO CBSI3aHO C TEM,
YTO MPH TAKOM 1OJXoic 0a30BBIM ABIAETCS JIMHEHHOE pelleHKe (TIEPBbIH WICH pa3JIoKECHHA), B TO BpEMA
KaK B OKPECTHOCTH YTJIOBOH TOYKH 0a30BOH fABAsSETCS HEJIMHEHHas 4acThb IHarpamMMbl JedopMHpOBaHUA
(xybuueckuii 4nen). [losToMy HccnenoBaHHe HANPsHKEHHO-IE(GOPMHUPOBAHHOTO COCTOSHHMSA TENa B OKpPECT-
HOCTH 0c000¥ TOYKM Mpeanoiaraer paspaboTKy Ipyroro BapHaHTa METOId, B KOTOPOM IIEPBBIH WIEH pa3-
JAOXEHHUS TIOJTYYaeTCsi HA OCHOBE KyOHUYECKOro ClIaraeMoro 3akoHa Ae(OpMHpOBaHHSA, a OCTANBHBIE WICHBI
BBICTYMAIOT B KaYeCTBE IOMPABOK K HeMy. BapuaHTsl Takoro rmozaxozna OplM HUCIIONB30BaHbl IS TEI C Tpe-
IIMHAMH TIPH Pa3HYHBIX ONPENEIIOMNX COOTHOWEHHAX TCOPUH IUTaCTHYHOCTH [§], MpHMEHEHHH JTOKATIb-
HBIX XapaKTePUCTUK COBMECTHO C KPMTEDHAMH pa3pylleHus [9], a Taroke npu nocTpoeHuH 3PQeKTUBHBIX
AITOPUTMOB YHCIEHHOI'O aHAJIN3a IOMHBIX PEICHHH C MOMOIBIO CPaIlMBaHus [OJeH HanpsbxeHui BOIHM3H
YTAOBOW TOYKH M HA yJAIICHHH OT Hee.

PaccMOTpUM BO3MOXXHOCTH NPHMEHEHHS aCHMIITOTHYECKOIO METOJa pa3loXKeHHs Mo NapaMeTpy Harpy-
WKEHUA I ABYMEPHOH CTATHYECKOH 3aJady O JABJICHHH XXECTKOTO NOIyOCCKOHEYHOTO IITaMIIa Ha YIpyTo-
IUIACTUYECKYIO TTOJIYIUIOCKOCTh CHIION P IpH OTCYTCTBHM TPEHHUA B 30HE KOHTAKTa M OLICHKH HaIpsXKEHHO-
ro COCTOSAHUS B OKPECTHOCTH YTJIOBOH TOYKH. MaTepuan HOIYMJIOCKOCTH CYUTAETCs YNPOUHSIOMIMMCS TI0
CTEMEHHOMY 3aKOHY, HEC)KHMAEMBbIM H IIOCKOAe(OpMHPYeMBIM. JIeKapTOBYIO CHCTEMY KOODAHHAT OTHECEM

K yrnoBo# Touke wramna. Ocu &, (i=1,2) pacronaraeM TakuM o0pa3oM, 4ro och & HalpaBieHa BIOMb

rpaHH1bl HIOKHEH MOJIYNJIOCKOCTH D, KOTOPYIO 3aHUMACT Cpeaa.
By,LICM CYHTAaTh, YTO COCTOSHHC BOITH3H yr‘HOBOﬁ TOYKH KOHTPOJIHUPYECTCA MapaMETpOM Harpy>XXEeHHUA K,

KOTOpBIH OyIeT paccMaTpHBaTh B KadecTBE KOAPQHUIHMEHTa HHTEHCHBHOCTH HaIpsDKEHHH B yNpyro# obiac-
TH, OKPYXalolled 30Hy IUIACTHYECKOTO JehopMHpOBaHHUL. Torga €AMHCTBEHHBIM HE3aBHCHMBIM IIapamerT-

2
POM 3a1a4¥, UMECIOUINM PasMCPHOCTL JUTHHBI, SIBJIACTCA BEJIHYHHA K2 /G , IIO3TOMY HCKOMBIC q)YHI(HI/II/I 3a-
JIa49H 3aBHCAT OT HArpy3Ku TOJIBKO ITOCPEACTBOM 6espa3Mepme TIEPEMCHHBIX
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X
i
Hepexos K KOTOPHIM OMNpEJESIONINE COOTHOLICHHS TEODHM TEYCHHS C YNMPOYHEHHMEM B NPUPAUICHHIX
HMEIOT BU[

Se, =55, +8F(T)s,, irj=r.0, (1)

rie KOMIIOHEHTHI TCH30POB U IEBHATOPOB HAIpPsHKEHUH U nedopmanuit cBa3anbl GopMynaMu

g, =€;; er+ew=0; sr+sm:0;

1 1 )
ng(cf +c(p); s, =E(G, —Gq,); S5 =C,4»
a QPYHKIHS yIPOYHEHHS
F(T)= AT =253 4574253 ) 4, =24, 3)

Beenem ¢yuxumo HanmpsbkeHHR (D(r,(p) B BHAE IOJHOTO PA3IOKEHHUSA II0 MapaMeTpy HArpy>XKeHUs

B OKpECCTHOCTH ocoboii TOYKH, COACPXKAIETO BMECTC C rJ1aBHOH M IIPAaBHJIbHYIO YacTh

A
O(r,9)=>¥,(¢) r" 4)
n>0
37ech YYUTHIBAIOTCS TIPEACTABICHUS i pHpallieHni aedpopManuil 1 HaNpsHKEHHH, OTBEYAIOILHE YBe-
nu4yeHuo napamerpa K

0K =e, 6r; s

i' yK if,r i¥,K

de 8K =3, Or. 5)
Ot™MeTHM, 9TO 0GOOIIEHHE METOIA Pa3/IOKEHUA 110 MapaMeTpy HArpy»KCHHS TOCTHraeTcs 3a CUET TOTro,

a
qTO NOCJACHOBATCIIBHOCTD { }\.n }'1:0

(A, >L, >0) nomnexur onpenciIeHuio Hapsy ¢ yukumamu ¥ (o).
U3 npencraenenuii (1) — (5) u dopMyt 1Jiss KOMIOHEHT HANPSKEHHI

S, =ld). +lCD“w,

r " r
1 1
Sr(p :r_ch‘(p ~_;q)"r(p
HNOITY4YHM
s, :12(\1/; A (2-0 )P, )P,
2%
S0 = 2 (1=R )WL M7, (6)
k>0
ZZ k[ A,(+A, ,
k>0 120
rac

ay =W -2, (2-2)¥, ¥, +4(1-2 )(1-1 )P, W+ A, A, (2-4, )(2—-1,) ¥, ¥
Hcnonp3ya onpe,uenmoume cootHoweHus (1), HaxXoIUM U1 netbopMaunﬁ

:—Z(x =2) (W5 +h, (20, ) ) ZZZ o, M

k>0 k20 120 m>0
erd)‘r = Z(l —xk )(7\'/‘ - 2)\P;C r}"‘_ ZZZBH’” ”‘“’"_7 (7)
k>0 k20 120 m>0
e ak,",:(xk+x,—4)(q1;+xm(2—xm)\ym)ak,;

Bum =(A, +1,—8)(1-1,) ¥, a,;
By =A, A, +4,.
IToncraBnss B ypaBHEHHE COBMECTHOCTH AeOpMaiuii B MUIHHIPHIECKOH CHCTEMe KOOPAMHAT, peBa-
putensHO quddepenuupyemoe no r, BeipakeHus (6), (7), IpHXOINM K YpaBHEHHIO
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Z(z—xk)(‘y(k“) —(3r; 51, +4)¥] -2 (2%)%) x

k>0

__ZZZ k/m “’klm )B;dm _(Hk[m - 3)(uklm - 7) ak,m)xr”*'”_7 =0.

k20 120 m>0

(®)

Taxk kak HanpspkeHna cuHryssIpHel npH + — 0, To A, <3. CpaBHuBas nepsble ciaracmele B (8) (k =/= m),
HMeeM
Ao =3> g =7 (Hooo = 3)‘0)~
Takum obpa3oM, ¢ y4eTOM Tpex WICHOB PA3I0KCHUS ITOJIYYHM TPH PEKYPPEHTHbBIC KPAeBble 3aNauH s
bynxumii ‘P, ()
g0 —4(3%g —5)Biss —(224 —3) (324 = 7) 0ty =0,

' . 4
aom—4(7»0—1)[300,—(7»0+1)(lo—3)a00,:2—(‘}’(4 (322 =52, +4)¥; xo(z—xo)wo); ©)
3

Qoo = 43— A )Booo = (5 =R (1 =2 ) Oygp + Ciz — 4(3— Ry )Blz0 —
_(5_7‘ J(X=2g )0t + 0ty = 4(3= 2y )Bi, = (5 =29 ) (1 =R 0tg, =
=—ay +4(hg —1)Biig + (Ao +1)(Ag —3) 0ty —0tlg; +4(1g —1)B}o, + (10)
+( Ao +1)(Ay =3) gy, —0gy, + 4R —1)Bouc+ (Rg +1)(Ag —3)atq,, +
+—:3-(x] —2)(\?&“) - (347 -1, +4)~y;—xf(2—x,)\1’l).
Auddepenrmansubie ypasHerus (9), (10) Ha kakIoM 3Tane AOMOIHAM IPYNION KPAeBBIX YCIOBUM Ha
CBOOOIHOI MOBEPXHOCTH L”((p =() MONYILIOCKOCTH € Y4ETOM G o =0,, =0, aTaKe ycrnoBUEM Ha yyacTke

L'(¢=m), npx OTCYTCTBHM TPEHHUA B 061aCTH KOHTAKTA M € Y4ETOM HECHKMMAEMOCTH MATEpHANa H KHHeMa-

THYECKHX YPaBHCHHII IIOIyYHM
0, (0)=0, = ¢,(0)=0,
@ (9)=0.  ®(r)=0
Hrak, Bosnukaer ogHopoanas kpaesas 3anayqa (9), (11) ra nepsom mare (#=0) u HeOTHOPOAHBIEC Kpae-

k=0,1,2. (1

Bbie 3a1a4d (10), (11) Ha BTOPpOM H TpeTheM lIare (n =1, 2). JlaHHBIE 3aaUH SBIAIOTCA 3aMa4aMH ONUpeme-
JeHHst COOCTBEHHOTO 3HAYEHMS A, H COOTBETCTByromleH cobcrBeHHOM ¢(yHkmmu W, ((p) HEJMHENHOro

auddepeHInanbpHOro ONepaTopa. 3aMETHM, 9TO A, COOTBETCTBYIOIHE HETPHBUATHLHOMY PELIEHHIO 3aa9H,

OTBICKHBAIOTCS KaK C IIOMOLUBIO YHCIIEHHOTO aHallM3a, TaK M H3 JHepreTHYeckux coobpaxenuii [9]. [lnsg pas-
PEIINMOCTH YKa3aHHBIX 3a/la4 AOIDKHBI BHINONHATHCS JONONHUTENBHBIC YCIOBHS, BOSHUKAIOMME H3-3a TOTO,

uto ynkuun oy, (¢), By, (@) 3aBucar or ¥, (¢) ¢ nanexcamu min{k,l,m} < n<max{k,/,m}. Hanpu-
Mep, s 3amauk (9), (11)
Mo =3= o =7 (Koo = Horo = Moy = 2% + 12, ),
otkyna A, =4—A,. W B obumiem cygae
A, =3=p, ~T(k+l+m=n+1),

A, =2n(2=2e)+4, (=0, 1, 2,..). (12)
U3 (12) 3axmouaem, urto A, >1 (n > l), H II03TOMY B PA3NOXKECHUAX JIA s, , ,, (6) CHHTYIAPHBIMH SB-

JISOTCS JIMILB TepBble WieHs! (1 =0).

Yka3zaHHBIE KpaeBbIE 334a4YM PELIATNCH HHUCIEHHO C HCIOIH30BAHHEM METONd NMPHCTPEIKH. Pacuers!
[POM3BOMMIMCE UL MEAH € MOIYJIEM o6bemuoro cxartus K=1,317483E11 H/M’, cOBUroBBIM MOIyIeM
G =0,442431E11 H/M* u nocrosuuoit 4,=1,3270501E-0,5, xapaKrepusyommei HenMHeHHOCTL JHarpaMMel
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nedopmupoBanns Marepuana. Hanpsokenns u nepopmauumu s;, e, OTHECEM K BHEUIHMM YCHJIMSM HHTEH-

CHUBHOCTH P.

Ha puc. 1 a npeacrapnensl 3aBUCHMOCTH PagHAaNIbHOTO HANPSXKCHUA OT PACCTOSHHUA 7 [0 YITIOBOH TOYKH
npu pasmuuHbiXx 0 <@ <m, Ha puc. 1 6 — 3aBUCHMMOCTH PaTUaNBHOrO HANPSHKEHUA OT MOJAPHOTO Yria NpH
pasnuyYHBIX paccTosHuAX 0 <r <1. AHaJIOrMYHBIE 3aBHCUMOCTH /IS KacaTeJIbHBIX HANPSKEHUH IIPHBEICHBI
Ha puC. 2 a, 6. PacnipenenicHie HaIPsDKEHUH OT 00eUX NEPEMEHHBIX 33aqH IPEICTaBICHO Ha pHC. 3 a, 6.

a 6
S, S
A
7 5t
p 45r
4}
5 35}
4 3
2,5
3 2
2 L5y
1 L
i
0,5r
0 > 0 . : : . ——
0,2 0,4 0,6 0,8 1r 0,5 I 1.5 2 2,5 3 35 ¢

Puc. 1. CeMelicTBa 3aBUCHMOCTEH HOpMaNbHLIX HaNIPAKEHUH s, OT MOJAPHOTO paguyca r (a) u yrna ¢ (6)

JUIS Pa3NHYHBIX 3HaUEHHH yT/1a ¥ pagHyca B OKPECTHOCTH YIJIOBOH TOUKH
a 6

o N o
— 5
»

h

:

> 1 " M

02 04 0,6 0,8 1r 0 05 1 15 2 25 3 359
Puc. 2. CemelicTBa 3aBHCHMOCTE}N KaCaTENBHBIX HANPAKEHHUH 5,, OT NONAPHOro paguyca r (a) K yrma ¢ (6)
IIPH PA3IXYHBIX 3HAYCHHAX YIIa U PaANyca B OKPECTHOCTH YIIIOBOM TOUKHA

a 6

“02
] 0 0 -

Puc. 3. PacnipesiencHue HopMabHbIxX s, (a) M KacaTenbHeIX S, (6) HaTpsKEHUI Ha RHTEPBANE F, @ (0 <r<l,0<0p< n)
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VBenuueHne HOPMAJIBHBIX HANPSDKCHUH IO IITaMIOM B HENMOCPEACTBEHHOH OKPECTHOCTH YITIOBOMH TOY-
K{ U Ha YJaJIeHHH OT Hee A/ TOYeK IO CBOOOAHOH OT ITaMIla NOBEPXHOCTHIO W HArPYKEHHOM KoCTUraeT
3,5 pasa. B To >xe BpeMs IpOABIIAETCS CYILECTBEHHASA 3aBUCHMOCTD BEIMUYUHBI HOPMANBHBIX HAIPSHXKCHHIH OT
PaccTOAHHA Ji0 YITIOBOM TOYKH B CBA3M C YUYETOM IIJIACTHYECKHX CBOHCTB Marepuana. Tak, yMeHbIlcHHE a0-
CONIOTHBIX 3HAYEHHH HOPMAIbHBIX HAMPMKEHHH cocTaBisieT oT 15 10 21 % mo paauycy oT COOTBETCTBYIO-
IET0 3HAYE€HUA B IMHEHHOU TCOPHH B IIPUHIATOM HMHTEpBAlIe H3MCHEHHS IICPEMCHHBIX. XOTSA NpH YIaTeHHH
OT IITamIa Habaronaercs 6ojiee paBHOMEPHOE PAacHpeACICHUe HANPSHKCHMI 32 cyeT Goliee MOJHOro yuera
IIACTHYECKHX CBOHCTB MaTepHaia.

ITporusononoxHasd cutyanus HabarogaeTcsa NI KacaTelbHBIX HapsKeHnH. MakCHMaTbHBIX 3HAUCHHUH

KacaTeNbHbIC HANPHKCHUSA JOCTHIAIOT HEMOCPEACTBEHHO MO YIIIOBOH TOUKO# (¢ =1/ 2), a OpH yoaIcHUH

OT HEE AOCTaTOYHO OBICTPO YMEHBLIAIOTCS; NPH YBENUYCHHH pajiyca CKOPOCTh H3MEHCHHS KACATElbHBIX
HaNpsDKEHHH YMEHBINAETCS, HO HE TAaK 3HAYUTENIBHO, KakK B JINHEHHOM cy4ae.

Binsaue 106aBOYHBIX YWICHOB COCTABIACT Ui HOPMAIBHBIX HanpsokeHuil 14 % — mwig sroporo u 3 % —
JUISL TPETBETO, IUISl KacaTeNbHBIX HanpsHKeHHH —~ 9 1 2 % COOTBETCTBEHHO.

[IpoBeeHHBIN YUCIIEHHBIN aHAIHM3 MOITHBIX PA3IOXKEHHH B psAfax VIS YIPOUYHSIOIHXCA CPel TO3BOJIAET
NOMyuuTs OoNee afeKBaTHLIE OLECHKY NOed HanpmkeHuH U JedopManuii Ha KOHEYHBIX PACCTOSHUAX OT
0c000¥ TOYKH ¥ MOXKET OBITH HCIONB30BaH KaK B 33ayaX TEOPHU INIACTHIHOCTH, TAK U B MOJEJISIX MEXAHH-
KU pa3pyIleHHs.
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