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1.  

1.1.    

 1.  F(x)     f(x)  

 (a, b),          

F  (x)= f(x). 

 2.    {F(x)+ },   – 

 ,   f(x)   

   

CxFdxxf )()(

 f(x)   ,  f(x) dx – 

 . 

   f(x)    F(x) +   

.   ,  . 

  : 

1) f x dx df x f x C( ) ( ) ( ) ;

dxxfCxFddxxf )())(()( ;

2) ( ( ) ( )) ( ) ( )f x x dx f x dx x dx ;

3) af x dx a f x dx a const( ) ( ) , ( ) ;
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4)  f x dx F x C( ) ( ) ,  f ax b dx
a

F ax b C( ) ( )1 ,  , 

 a, b –  , a 0; 

5)  f x dx F x C( ) ( )   u=  (x) –   ,

 ;f u du F u C( ) ( )

    

1. ; 10. Cudu Cutg
u

du
2

ln
sin

; 

2. u du u C
1

1
,    1; 11. du

u
tg u C

cos
ln

2 4
; 

3. ;||ln Cu
u
du 12. du

u
ctgu C

sin 2 ; 

4. a du a
a

Cu
u

ln
; 13. du

u
tgu C

cos2 ; 

5. ; 14. Cedue uu du
a u a

arctg u
a

C2 2
1 ; 

6. ; 15. Cuudu cossin C
a
u

ua
du arcsin

22
; 

7. ; 16. Cuudu sincos C
ua
ua

aua
du ln

2
1

22 ; 

8. ;  17. Cuudu |cos|lntg Cuu
u

du 22
22

ln . 

9. ;ctg ln|sin |udu u C

    u     

,      u= (x)  x. 
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1.2.    

1.2.1.        

  

       

        .   

     ( .  1.4.) 

         

. 

       ,    

  ,     

,   

f x x dx f t d( ( )) ( ) ( ) t ,   t= (x). 

 1.1. )(ln)(ln xddxx
x

dx . 

 1.2. .)3(sin
3
13cos3

3
13cos xdxdxxdx  

 1.3. Cxxdxdxx )25cos(
5
1)25()25sin(

5
1)25sin( . 

 1.4. (   ) 

( sin ) sin3 2 3 3 2 357 5/7x x x dx xdx x dx xdx dx

.3cos2
12
7

2
33cos2

7/122
3 7/122

7/122
CxxxxCxxxx  
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.110010ln
10
1

11010ln
10
1

1;10
;

110

10
10
1

10
10
1:1101100

2

2
2

22

xx

xx
xux

xd

xddxx

dx

x

dx

 1.6.  

.ln54
20
3

1
3
1

ln54
5
1

 ln54ln54
5
1

  

ln54
5
1

ln5
5
1ln

,

ln54

3
413

1

3
1

3

xx

xdx

xd

xdxd
x

dx

dx
x

x

1.2.2.    ( ) 

 (t) –      

,  (t) 0;    

dtttfdxxf )())(()( . 
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 1.7. dxxx 32 2 = )3(3 22 xdx ,   .

 

)3(2 2xdxdx

x u2 3 ,   

x xdx u du u C2
1
2

3
23 2 2

3
2
3

32
3
2( )x C . 

 1.8. Ctdtt
t

dt

dtxdx

xdxdt
tx

x
xdx 3

2
3
1

33 2
3

5
1

5
1

5

5
cos

;cos5
;sin53

sin53
cos

Cx3 2)sin53(
10
3 . 

1.2.3.      

  

R x x a dx R x a x dx R x a x dx( , ) ; ( , ) ; ( , )2 2 2 2 2 2 ,  R(u,v) – 

   u  v,     

  ,  , sin ,  cos , tg
cos sin

a ax x x a t x a t x a
t t

t .

 1.9. dt
t
tdt

t
t

t
tgt

tgtx

dt
t

tdx
t

x

dx
x

x
2

2

2

2

2

2

cos
sin

cos
sin

sec
1

;
cos
sin

;
cos

1

1

1 12

2
cos

cos
(arccos ) arccos .t

t
dt tgt t C tg

x x
C 1  

 1.10. dtttdt
tx

tdtdx
tx

dxx )2cos1(2cos4
cos24

;cos2
;sin2

4 2

2

2  
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1
4

2
t t C x t t C x x x Csin arcsin sin cos arcsin

2
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4
2

2
arcsin x x x C .

1.2.4.    

     : ,  u(x), 

v(x) –   . 

udv uv vdu

x

x

 ,   : 

1) .  u  xn (u=xn).x e dx x xdx x xdxn x n n, sin , cos  

2) .  u     

    . 

x xdx x xdx x arctgxdn n nln , arcsin ,  

3)   .  u  dv .   

        

   ( .  1.14.). 

e xdx a xdx xsin , cos 

 1.11. dx
x

xxx
xvdvdx

dx
x

duuxxdx 1ln
;

;1;lnln

. x x dx x x x Cln ln

 1.12.  

2
2

2
2 1

arcsin
1;

;
1

;arcsin
arcsin

xx

dx
x

x

x
vdv

x
dx

x

dxduux

x
xdx

1

arcsin
111

arcsin1,1
2

2

2

2 t

dt
x

x

tt

t
dt

x
xdt

t
dx

t
x  
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.11lnarcsin1|lnarcsin 2
2 C

x
x

x
xCtt

x
x

 1.13.   dxx 42 . 

.   

.4ln824

4
8

4

424
4

4424

4
24

;2
4

1
;;4 :

4

1
22

22

2
2

2

2
2

2
2

2

2

2

CxxKxx

x

dxdx
x

xxxdx
x

xxx

dx
x

xxxx
xvdxx

x
du

dvdxux
dxxK

      :  

;4ln84
3
1 22 CxxxxK     1C C  –  
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 1.14.   .cos dxxex

.   

 

;coscossin

coscossin

cos;

;sin;

:    

sinsin
sin;

;cos;
cos

dxxexexe

dxexxexe

xvdxedu

dxxdveu

dxxexe
xvdxedu

dxxdveu
dxxeK

xxx

xxx

x

x

xx
x

x
x

,   KxexeK xx cossin ,   

  CxxeKK x cossin
2
1:  . C  
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1.2.5.  ,   

   

 : 

Adx

ax bx c2
Adx

ax bx c2

         . 

 1.15. dx

x x

dx

x

d x

x
x C2 2 26 10 3 1

3

1 3
3

( )

( )

( )
arctg( ) . 

   : 

( )Ax B dx

ax bx c2
( )Ax B dx

ax bx c2

        ax bx c2 , 

   .( )2ax b dx

 1.16. 

3 7
9

3 1
2

2 7

9
3
2

2
9

7
9

3
2

9 7
3 32 2 2 2

2x
x

dx
x

x
dx xdx

x
dx

x
x x C

( )
ln| | arctg . 

1.2.6.    

  R(x)  ,    

: 

R x
Q x
P x

b x b x b

a x a x a
m

n

m m
m

n n
n

( )
( )
( )

...

...
0 1

1

0 1
1 , 

 m  n –   ; 

b a R i m j ni j, , , ,   0 0, . 
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 m<n,  R(x)   ,  m n, –  

. 

        

         : 

Q x
P x

M x
Q x
P x

m

n
m n

l

n

( )
( )

( )
( )
( )

, 

 , Q ,  – , M xm n ( ) xl ( ) P xn ( )
Q x
P x

l

n

( )
( )

–  , l<n.

     ,   

       . 

        : 

1 2 3 42 2) ; )
( )

; ) ; )
( )

;                                A
x a

A

x a

M x N

x px q

M x N

x px qk k  

 A, a, M, N, p, q –  ;  

k 2; k – , p2–4q<0. 

    : 

1)        

; 

2)         

; 

3)  ;

4)   .

 1.17. dx
xx

xx
4

8
3

45

.

 – ,     

   : 
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164

844

4

84

4        4

4    8

3

23

24

34

235

345

xx

xx

xx

xx

xxxx

xxxx

. –  )24(48164 22 xxxx

    : 

x x
x x

x x x x
x x

5 4

3
2

2

3
8

4
4 4 4

4
2( ) .

      : 

22)2)(2(
24

4
24 2

3

2

x
C

x
B

x
A

xxx
xx

xx
xx . 

 ,  : 

x x A x x Bx x Cx x2 4 2 2 2 2 2( )( ) ( ) ( ) . 

 x 0: 2 4 1
2

A A,  .  

 x 2: 10 8 5
4

B B,  .  

 x 2: 6 8 3
4

C C, .  

 , 

dx
xx
xxxxdx

xx
xx

4
81644

4
8

3

2
2

3

45

dx
xxx

xxx
2

4
3

2
4
5

2
1

44
23

23
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|2|

|2|ln4
23

|2|ln3|2|ln5||ln24
23

3

5223

23

C
x

xxxxx

Cxxxxxx

. 

 1.18. x x
x x x

dx
4 2

3 2
3 5

2 5
. 

       

.         

     : 

x x
x x x

x x x
x x x

4 2

3 2

2

3 2
3 5

2 5
2 2 10

2 5

5 . 

   2 10 5

2 5

2 10

2 5

2

3 2

2

2
x x

x x x

x x

x x x( )

5

        

: 2 10 5

2 5 2 5

2

2 2
x x

x x x

A
x

Bx C

x x( )
. 

          

     ,  

2 10 5 2 5 2 52 2 2x x A x x Bx C x A B x A C x( ) ( ) ( ) ( ) A . 

     x, : 

55
102
2

0

2

A
CA
BA

x
x
x

 A 1, B=3, C=12.   
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.
2

1arctg
2
9|52|ln

2
3||ln

2
)2(

4)1(
9

52
)22(

2
3||ln

2
)2(

52
622

2
3||ln

2
)2(

52
1231)2(

52
53

2
2

22

2

2

2

223

24

Cxxxxx

x
dx

xx
dxxxx

dx
xx

xxx

dx
xx

x
x

dxxdx
xxx

xx

1.2.7.    

  : , m, n – .xdxx nm cossin

)       m  n–   ,  

    : dtxdxtx cos ,sin   

cos , sinx t xdx dt . 

)  m  n –   ,    

 : 

2
2cos1sin;

2
2cos1cos;2sin

2
1cossin 22 xxxxxxx . 

 1.19. 

. cos
5
2cos

5
22

)1(
sin

;cos
cos

sin)cos1(
cos

sin

52
5

2
3

223

CxxCttdtt
t

dt

t
dtt

dtxdx
tx

dx
x

xxdx
x
x

20



 1.20. 

. 2sin
48
14sin

64
1

16
1

2sin
48
12sin

16
14sin

64
1

16
12sin

16
1

8
1

2sin)2sin1(
16
1)4cos1(

16
12sin

16
1

8
1

)2cos2cos2cos1(
8
1

2
2cos1

2
2cos1sincos

3

3

2

32

2
42

Cxxx

Cxxxxxx

xdxdxxxx

dxxxx

dxxxxdxx

)     : 

sin cos , sin sin , cos cosmx nx mx nx mx nx , 

 m  n,     : 

sin cos [sin( ) sin( ) ],

sin sin [cos( ) cos( ) ],

cos cos [cos( ) cos( ) ].

mx nx m n x m n x

mx nx m n x m n x

mx nx m n x m n x

1
2
1
2
1
2

)   ,    m  n – , 

      

,ctg    tg xx mn

(tg )
cos

, (ctgx)
sin

, tg
cos

, ctg
sin

x
x x

x
x

x
x

1 1
1

1
1

1
2 2

2
2

2
2   . 

 1.21. 

)(tgtg)(tgtg)(tg)tg1(tgsectg 752545 xdxxdxxdxxxdxx

.tg
8
1tg

6
1 86 Cxx   

x
x

cos
1sec .
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)   ,  R(u,v) –    u, 

v,          

 t   : 

R x x d(sin ,cos ) x

tg x t
2

;  

.
1
2  ,

1
1

2
1

2
1

cos  ,
1

2

2
1

2
2

sin 22

2

2

2

22 t
dtdx

t
t

xtg

xtg
x

t
t

xtg

xtg
x  

 1.22.

.
28

1
2

tgln
2
1

2
tg8

1
8
1||ln

2
1

8
1

4
1

2
1

4
1

)1(
4
1

1
2

1
2

1
2sin

;
1

2;
2

sin

2

2

2
23

3

22

3

2

2

2

2

3

Cxtgx
xCtt

t
tdt

t
dt

t
dt

dt
t
t

t
t

dt
t

t
tx

t
dtdxtxtg

x
dx

)       tg x  

)cos,sin()cos,(sin xxRxxR  (R – ),     

tg x=t;   

2

2
2

2
2

2 1
sin ,

1
1cos arctgt, ,

1 t
tx

t
xx

t
dtdx . 

 1.23.

.
135tg6
135tg6ln

13
1

6
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6
5

6
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6
5

ln

6
1323

1
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13

6
53
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153
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)   R x x R x x( sin ,cos ) (sin ,cos ) ,   

 cos x=t.  )cos,(sin)cos,(sin xxRxxR ,   

 sin x=t. 

 1.24. sin

cos

3

4
x

x
dx .  cos x=t, sin xdx= dt;  

sin

cos

cos

cos
sin ( )

cos cos
.

3

4

2

4

2

4 4

3
3

1 1 1

1
3

1 1

3
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x
x
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x
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t

dt
t

dt dt
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x x
C
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,..., .
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2.  

2.1.  – .   

  .   . 

    

2.1.1.  f(x)   [a, b]  F(x) –      

,     –  

)()()()( aFbFxFdxxf
b

a

b

a
. 

 2.1.    
1

0 24 x

dx
. 

. 
6

0arcsin
2
1arcsin

2
arcsin

4

1

0

1

0
2

x

x

dx . 

2.1.2.  f(x)   [a, b],  x=  (t) –  

  [c, d], (t) 0, (c)=a, (d)=b,    

    : 

dtttfdxxf
d

c

b

a
)())(()( . 

 2.2.    x x2 2

0

2
4 dx . 

.  

. 
4
4sin2)4cos1(22sin4cossin16
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2.1.3.  u=u(x)  v=v(x) –     

[a, b].        
b

a

b

a

b

a
vduuvudv . 

 2.3.    .x xdsin
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6
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