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Abstract—For linear autonomous difference—differential systems with commensurable delays, the
problem of damping the solution by using a linear difference—differential controller with a state feed-
back is solved. A generalization of these results to linear autonomous difference—differential systems
of neutral type with commensurable delays in the case of a continuous solution is proposed. A distinc-
tive feature of the present work is that the initial system is not completely controllable.
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INTRODUCTION

A key issue of automatic control theory is constructing controllers that ensure prescribed properties for
a system. In this connection it is necessary to consider the problems of stabilization [1—4], modal control-
lability [5, 6], spectral reducibility [7, 8], and complete controllability using a feedback [9—11]. Consider
the last-named problem in greater detail.

The problem of complete controllability (complete damping) had been originally stated by Krasovskii
[12] for systems with time delay and then was considered by many researchers (historical data can be found
in [13, 14], and they are not discussed in the present paper). In [13—15], a generalization of this problem
in the sense of damping the system’s solution by using a constantly control was proposed. For the most
part, the results of investigating the complete controllability problem and its generalizations [13—15] are
solvability criteria and methods for constructing open-loop controls. As an exception we point out to [9—11],
where a one-input linear difference—differential system is damped by a feedback. The basic idea is to
ensure the pointwise singularity of a closed-loop system in the directions corresponding to phase variables
of the initial system by using a a complete damping controller. In this case, the necessary and sufficient
condition of the existence of such a controller is the complete controllability condition [16], which coin-
cides with the spectral controllability condition [17] (the complete controllability of a finite-dimensional
subsystem that corresponds to every spectral value of the initial system).

In the case of multi-input systems with many delays in control the complete (spectral) controllability
conditions are not needed for the existence of an open-loop control that damps the solution [13—15].
Consequently the question arises of whether it is possible to close a not completely controllable system by
a linear feedback in such a way as to ensure for the initial system the equality x(f) = 0, ¢ > ¢, no matter what
the initial state of the system may be. In the present paper, we obtain conditions for parameters of a system
with commensurable delays under which the answer to this question is positive. The sufficient existence
conditions of such a feedback coincide with the criterion of damping of incompletely controllable systems
solution [14, 15].

The paper is organized as follows. In Sections 1—3, fora multi-input linear difference—differential sys-
tem, we construct a linear controller that ensures that the solution is damped in the case where the com-
plete controllability condition is violated. In Section 4, the proposed procedure is generalized to the case
of a system of neutral type with a continuous solution.

1. STRUCTURE OF CONTROLLER FOR SYSTEMS WITH TIME DELAYS

Suppose that a plant is described by the linear autonomous difference—differential system with com-
mensurable delays

X(O) =Y Ax(—ihy+ > Bu(t —ik), >0 (1.1)

i=0 i=0
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DAMPING OF A SOLUTION 203
and the initial condition
x@) =n@), w®)=u"@, 1 €[-mh, 0], (1.2)

where xeR" is a solution of Eq. (1.1), ueR" is a piecewise continuous control,
A eR™, B, e R™, i = 0,m, are constant matrices, and 4 > 0 is a constant delay. Assume that in initial con-
dition (1.2) the function n € C([-mh,0], R"), where C([—mh,0], R") is the space of continuous vector func-
tions on the interval [-mh, 0] with values in R", and u’ (), t €|—mh,0] is an arbitrary piecewise continuous
function.

If we define the polynomial matrices

Ae)=3 42" B(e)=D B
i=0 i=0
and assume that z is the shift operator (i.e., zf(t) = f(t — /)), then system (1.1) can be rewritten in the oper-
ator form as x(¢) = A(z)x(t) + B(z)u(t). For convenience, use this notation below.
The complete controllability (complete damping) criterion for system (1.1) has the form [16]

rank[AE, — A"y, Be ) =n VvV A eC, (1.3)

where E, € R** is the identity matrix and C is the set of complex numbers. Recall that system (1.1) is
called completely controllable if, for every initial condition (1.2), there exists a time #, > 0 and a control
ut), t €@, f, —mh], u@t) =0, t > t, — mhsuch that

x()=0, 1>1, (1.4)

As is shown in [9—11], for systems (1.1) with a scalar control without delays under the condition of
complete controllability (1.3), identity (1.4) can be ensured by a state feedback controller. However, the
controllers presented in [9—11] are not extended automatically to the general case of systems (1.1). There
are two reasons for this. First, for systems of the general form (1.1), criterion (1.3) is not a necessary con-
dition for the existence of an open-loop control without the requirement u(t) = 0, ¢ >, — mh, which
ensures (1.4) [14, 15]. Second, if condition (1.3) is violated, the input feedback control must change its
structure according to a certain difference equation; below this issue is considered in more detail (see The-
orem 1).

The problem of choosing a control u(f), ¢ > 0 that ensures identity (1.4) without the requirement

u(t) =0, t > 1, — mhwill be called, in contrast to the complete damping problem [9—12, 14, 16], the prob-
lem of damping the system solution.

In the present work, it is proposed to damp a system solution by a linear difference—differential con-
troller of the form

i) = Ki@x()y+ex, @)+ Twy@), >0, (1.5)
W) = Sow() + K, @x(t), 1> 0, (1.6)
%0 = K @xO) + F@%,,0 + F @0, 1 >0, (L.7)
O = F@x(0) + F@x,,(0) + F @y, 1 > 0, (1.8)

where K(z) e R™”[z]and K,(z) e R""[7] (R [z] is the set of k, x k, matrices whose elements are poly-
nomials of the variable z), 7' e R™", S € R™" r; is a certain natural number, e, = col[L0,..., 0] e R",
F(2) eR™[2], K@) e R [2], B(2) e R™ [2], F'(2) e R™"[2], F(2) e R™[2], F£(2) e R [2]; x,1 €RR,
v eR",and y = col[y,, ..., y,] € R’ are additional variables. The functions x(), t < —mh, x,,,(t), ¥(f), and
Y(@) (¢ < 0) can be arbitrary continuous functions.

Remark 1. We describe more precisely how the control is formed by controller (1.5)—(1.8). On each

fixed half-interval ((h, (/ + 1)k] (/ = 0,1,...), the control u(¥), ¢ > 0 is linearly expressed in terms of x, x,,;,
and y using (1.5) and difference equation (1.6). We substitute this control into (1.1), supplement the
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204 METEL’SKII et al.

resultant relation with Eqgs. (1.7) and (1.8), and obtain on the half-interval ((4, (/ + DA](/ =0,1,...) alinear
autonomous differential system with the solution col[x, x,,,, ¥].

We formulate the solvability conditions for the problem of damping the system’s solution and describe
the matrices 7" and S that appear in the structure of controller (1.5)—(1.8). For this purpose, by analogy
with [13—15], we consider the sequence of vectors §,, k = m, m + 1, ... that is the solution of the difference
equation

B+ Y B, =0, k=mm+1,... (1.9)
i=1

produced by the initial condition ¢, = S,-, i =0,m—1.Thesequence d,, k =m, m+1,... exists ifand only if

(see [13—15]) 5, , = Tic,i = 1,m, where 1, e R™ are certain matrices and ¢ € R” is an arbitrary constant

vector (the same for all matrices 7;). A procedure for constructing the matrices 7; is presented in [13—15],

and it is not described here. Note that its implementation is always possible and consists in solving the
finite number of homogeneous algebraic systems. In (1.5) and in the subsequent discussion, we assume

that 7' =T,
We find an arbitrary matrix S € R that satisfies the equations
k —
BTS+Y BT, =0, T,S=T,, k=2m.

i=1

The existence of the matrix .S follows from the definition of the matrices 7;. Note that

> BTS"" =0. (1.10)
i=0

Define matrices G, = B, and G;, =G, .S+ B1,i = 1, m. We take into account that

G, = iB,-TS’”’i =0.

i=0

Let us introduce the notation

m—1
G@) =Y. G2
i=0
The following result is true [14].

Theorem 1 (the criterion of damping the system solution). In order for any initial condition (1.2)
of system (1.1) to have a control u(f), ¢ > 0 that ensures (1.4), it is necessary and sufficient that the follow-
ing equality holds:

rank[LE, — At "), Be™),Ge ) =nV LeC. (1.11)

In what follows we suppose that condition (1.11) holds. Now we proceed to constructing control-
ler (1.5)—(1.8) that ensures identity (1.4).

2. THE CONTROLLER CONSTRUCTION PROCEDURE

First, we explain the influence of the function v, which appears in the structure of controller (1.5)—(1.8),
on the dynamics of the closed-loop system. For this purpose, we prove the following lemma, in which we

incidentally specify the exact form of a system satisfied by the functions x, x,,;, y in the case of con-
troller (1.5)—(1.8).
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DAMPING OF A SOLUTION 205

L e mma. Assume that K(z), 7 =1,2 and F,-j (2),i= 1,_3, j =1,2 are arbitrary polynomial matrices of the

size indicated above. For all y(r), x(?), x,,,(), () (¢ < 0), the functions x(?), x,,,(), () for t > mh satisfy
the linear autonomous difference-differential system with commensurable delays

() AR) + BK,(2) + GRKA2) B2e 0, TTx(r)
%) | =| (@2 F@) F@ | x40 (2.1)
0 F(2) E @) F@ |0

where 0, € R™ is a zero matrix.

P roof. Suppose that (), > 0 is determined by Eq. (1.6). Using the definition of the matrices G; we
make the following transformations:

m m—-1 m m-1
B@Ty®) = Y BZTw®) = Gy®) + 3, (Gia = G:8) 2w = 3 G2w) -, Gz 'Sy)
i=0 i=0 i=0 i=0

= G@)(E, — 2S)().
In the last equality, we used the fact that G,, = 0. In view of (1.6), we finally come to the equality
B@Ty() = G@)K,(2)x(1). (2.2)

Now we substitute the control u(¥), ¢ > 0 determined by formula (1.5) into system (1.1) and replace
B(2)Ty(r) in accordance with (2.2). As a result we obtain that the solution col [x(?),x,,, (1), ¥(t)] (# > mh) of
system (1.1) closed by controller (1.5)—(1.8) satisfies (2.1). The lemma is proved.

Let us describe the procedure for constructing controller (1.5)—(1.8) that ensures identity (1.4) for the

solution of system (1.1). Let B(z) = [B(z), G(z)], and consider a couple of matrices {A(2), B(z)}. In view
of (1.1) we have

rank[B(z), ..., A" @B@)] =n
(hereinafter, by the rank of a polynomial matrix we mean [18] the maximum order of its minor that is not

identical zero). We choose columns b~si (), i = 1,_6 of the matrix B(z) in such a way that the following equal-
ities hold:

rank[5,(2), ..., A" @)5,(2),5,@), ..., A" @b, @), ..., A7 @b, (2)]

=rank[b, (2), ..., A" ()b, (2).b, (@), ..., A" ()b (@), ..., A”f*l(z)iij (@), 4" @b, ()]
=m+nm+..+n;, J =1,_9, n+n+...+ng=n.

Define

A2 =15, @), ..., A" @B (@),5 (@), .., A DR, By (), A (@D, D)),

Taking into consideration that rank rank A;(z) = n, we construct [18] a square polynomial matrix
R(z), det R(z) = const # 0 such that the matrix R(z)A4;(z) has the structure

00...*
R@2)4;(2) = 0 P

* %k *

where the symbol * denotes some polynomials; here, polynomials on the second diagonal are different

from identical zero. Note that multiplying the matrix 4;(z) by the matrix R(z) on the left is equivalent to
elementary transformations of its rows.

Let A(z) = R(Z)A(Z)R_l(z) and B(z) = R(z)B(z). For simplicity, assume that s, = 1 in the matrix 4;(z).
Then, the first column 5,(z) of B(z) has the form col [O, . 0, F(z)], where 5 (z) is a polynomial.
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Since equality (1.11) holds, rank[AE, — A ™), Be ™) =n Vv L e C. Inview of the last condition, we
can construct (see [19]) a polynomial matrix K(z) such that

rank[LE, — De ™), be ™) =nvreC, (2.3)

where D(z) = A(z) + B(2)K(z).
Consideration the auxiliary linear autonomous difference—differential system with commensurable
delays
X(t) = D)) + by(2)%,.1 (), 1 > 0, (2.4)
X,u(t) = vy, 1 > 0, (2.5)

where X = col[X,, ..., X,] € R" (X,,,; € R) is the solution of system (2.4) and (2.5) and v(#), ¢ > 0 is a scalar
piecewise continuous control action. There is no need to define concretely the initial condition of
system (2.4) and (2.5) for the subsequent considerations. It follows from (2.3) that

rank[kE” - D) ;bl(z) ?”} =n+1V AreC,

where 0, = col[0, ..., 0] e R”; i.e., for system (2.4), (2.5), complete controllability criterion (1.3) is satis-
fied. Using the procedure described in [9], we construct a complete damping controller of system (2.4), (2.5).
We write this controller as

v(t) = F@Q%0) + F,@X,,(0) + E@Qy@), >0, (2.6)
30 = F@x0 + K @%,.0) + K @F0), >0, 2.7)
where the auxiliary variables X,,, €R and ¥ =col[y,...,7,] € R’, s is a certain natural number,

EI(Z) c Rlxn [Z], FZI(Z) c Rlxl [Z] , 1731(1) c Rlxs [Z], EZ(Z) c Rsxn [Z] , FZZ(Z) c Rsxl [Z], and RZ(Z) c Rsxs [Z] In
accordance with the construction of the complete damping controller [9], closed-loop system (2.4)—(2.7)
is pointwise singular in the directions corresponding to the first # + 1 components of its solution, i.e., the

components X, X5, ..., X,,,;. In other words, there exists a time #, > 0 such that, regardless of the initial con-
ditions x(¢), x,,,(®), y(¢) (¢ < 0), the following identities hold:

X)) =0, t>1t, i=Ln+l (2.8)

In relations (1.5)—(1.8) we put K(z) = K(z2)R(z) = collK,(z), K,(2)]. K () e R™"[2], K1(z) e R [2],
Fll(z) = El(z)R(z), and Flz(z) = Ez(z)R(z); the matrices 7, S, and F/(z) fori =2, 3andj= 1, 2 are specified
above. Controller (1.5)—(1.8) is constructed.

Let us demonstrate that the constructed controller really ensures equality (1.4) for system (1.1). For
this purpose, we consider system (2.1). In this system, we change to new variables by the formula

collx(), x,.,(), y(t)] = diagl R "' @), 1, EJeol[X(®), X,.. (), Y. (2.9)

Asaresult, we obtain system (2.4)—(2.7). Transformation (2.9) is nonsingular; hence, (2.8) implies that
system (2.1) is pointwise singular in the directions corresponding to the first # + 1 variables. Therefore, for
any initial function n in (1.2), identity (1.4) holds.

Remark 2. Ifcondition (1.3) holds for the initial system, then in order to construct controller (1.5)—(1.8)
we repeat the above reasoning with the matrix G(z) = 0. Here, in controller (1.5)—(1.8) it is necessary to

put S=0, T'=0, and K,(z) = 0; i.e., Eq. (1.6) can be eliminated from the structure of the controller.

3. JUSTIFICATION OF ALGEBRAIC LINK IN THE CONTROLLER’S STRUCTURE

In controller (1.5)—(1.8), we have an algebraic link, which is determined by Eq. (1.6). Therefore, input
action (1.5) as a function of argument x on each half-interval ((2, ({ + D)A] (/ = 0,1,...) will change its own
structure. If complete-controllability condition (1.3) holds for system (1.1), then (in accordance with
Remark 2) an input action considered as a function of the argument x will have the fixed structure. In the
general case, it is impossible to construct a controller with an input action of the fixed structure over x
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(i.e., a controller of a simpler type) in such a way that the controller ensures (1.4). We justify this by the
following result.

Proposition. Suppose that condition (1.3) is violated for system (1.1). If the control u(), >0
ensures identity (1.4) for system (1.1), then, for ¢ > ¢, = #, + mh, this control can be represented in the
form u(t) = To@) + () (¢ >1,), where the function @), >, —h satisfies the difference equation
o) = Sze(), t >t, and the function () (¢ > ¢, — mh) satisfies the equation B)u) =0, 7 > ¢, and the
initial condition () = 0 for ¢ € (t, — mh,1,).

P r o o f. Assume that condition (1.3) is violated. In this case, if the control u(¢), ¢ > 0 ensures identity (1.4),
then (see [14]) the following equality holds:

BQu@t)=0, t>t,. 3.1)

We rewrite (3.1) in the form

Bou, (1) + ZB,-uk,,-(t) =0, te,,+h, k=0,1,.., (3.2)
i=1
where u,(t) = u(t + kh), k =-m,—(m —1),.... For each fixed r € (t,,¢, + A], relation (3.2) is a difference
equation of type (1.9). Since (3.2) has the solution u(f), ¢ > 0, then there exists (see [14]) a piecewise con-
tinuous function f () (¢ € (t,,1, + h]) such that u_ () = 1,1 (®) (t € (t,,1, + A, i = 1,m).
Define the functions &, () (¢ € (t,,1, + h]) by the equalities

a,0=TS"" @), i=Lm, &G0 =TS""00), te,t,+h, k=01.... (3.3)

In (3.3), it is taken into account that 7, =T s (i = I,_m) and the functions @.()
(te(t,,t, +h], k=0,1,...) are determined by the equation

BIS" o)+ > BIS" 9 () =0, 1ty +hl, k=0L.. (3.4)

i=1

and the initial condition @_,(¢) = f(©) (t € (t,,1, + ], i = I,_m). Using equality (1.10), straightforwardly verify
that the functions @ (¥) = So,_(¢) (¢t € (t,,1;, + A, k = 0,1, ...) satisfy Eq. (3.4). Hence, functions (3.3) sat-
isfy Eq. (3.2) (for u, =1i,). Define the function ¢ by the equalities () = Smflcpk(t —khy,
te(ty+kht,+(k+Dhl, £k =-10,.... Then, the function iiF) = To() (¢ > ¢,) satisfies Eq. (3.1) with the
initial data 4(t —ih) = T, @), t € (t,,1, + h], i = I,_m We put W) = u(t) — i¢), t > t, — mh. The proposition is
proved.

Remark 3.Inviewof (2.2), B)Tw(®) + 1)) = BTw() = G()K,(2)x(¢t) fort > ¢, — mh. Hence, the

function p does no affect (see the lemma) the solution x(7), r > mh of closed-loop system (1.1). This deter-
mines the form of Eq. (1.5) of the controller.

Remark 4. We can construct a controller that ensures for system (2.1), in addition to identity (1.4),
a finite spectrum and asymptotic stability. For this purpose, it is necessary to apply the results of [10, 11]
to system (2.8), (2.9). However, a distributed delay will generally appear in the closed-loop system in this case.

4. CONSTRUCTION OF A CONTROLLER FOR A SYSTEM OF NEUTRAL TYPE

In this section, we consider the construction of a controller with a state feedback in the case of a linear
autonomous difference-differential system of the neutral type with many commensurable delays

i=0 =0

d ‘ . i’ o .
E[x(t) - ;L,-x(t - zh)} =D Ax( —iny+Y Bu(t -ih), >0, (4.1)

where I, e R™. All other designations that are used in this section without a clarification have the earlier
meaning. For the initial condition of system (4.1), we use set (1.2) with the initial function

necC ([—mh, O] ,R”) and an arbitrary piecewise continuous function u’. In accordance with [20], by the
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solution of system (4.1) we mean a continuous (not necessarily differentiable) function x(r), ¢ > —mh, that
coincides with the function n for # € [-mh,0] and satisfies (4.1) almost everywhere.

Definee the polynomial matrix

@)=Y Lz

i=1

and consider the polynomial matrix

m—1
G@) = .G,
i=0
where the matrices G, were defined before (see Section 1). We have the following result [15].

Theorem 2 (the criterion of solution damping). In order for any initial condition (1.2) of system (4.1)
a control u(?), ¢ > 0 that ensures (1.4) to exist, it is necessary and sufficient that the following equalities
simultaneously hold:

(i) rank[ME, — Lee ")) — Ay, Be™),Ge ™) =n v L eC, (4.2)
(ii) det [x’"En - Zx’""L,.] =" (4.3)
i=1

Remark 5. If we put G(e _M) = 0 in (4.2), then the resultant condition together with condition (4.3)
gives the complete-controllability criterion [15] for system (4.1).

Consider the construction of a linear feedback that ensures identity (1.4) for the solution x of system (4.1).
We assume that conditions (4.2) and (4.3) hold. It follows from (4.3) that det [En - L(z)] = 1. Suppose 11(z)

is the inverse matrix of the matrix [En - L(z)]. Introduce the notation Apr(z) = A@LL(z). Then, in view
of (4.2), we have

rank[LE, — Age "), Be™"),Ge ) =n v L eC. (4.4)
Consequently, for the linear autonomous difference—differential system (with the solution X € R")
() = An(X() + Bu(t), >0, 4.5)

there exists a controller (of type (1.5)—(1.8)) that ensures identity X(#) =0, ¢ > fl for a certain fl > 0 inde-
pendently of the initial condition of system (4.5). We represent this controller in the form

w) = Ki@Qx@0) + ex, (@) + Ty(@®), >0, 4.6)

() = Sy + Ky,(9x(@®), >0, 4.7

%) = B @0 + B@x,00 + EQ@y@), 1> 0, (4.8)

WO = @) + 5 @x,0() + @y, >0, (4.9)
where all designations are the same as in (1.5)—(1.8). We substitute (4.6) into Eq. (4.5) to obtain

X() = (An(2) + BK(2)) X() + B@)e1 X, () + B@Tw(), 1> 0. (4.10)

In Egs. (4.6)—(4.10), we change the variables: X(f) = [E,, - L(z)] x(t). After analyzing the resultant rela-
tions, we arrive at the following conclusion: the controller

uit) = K1) [En — L(z)] x(@) +ex, (O+Ty@), >0, (4.11)

() = Szw®) + K,([E, — L@ x@®), >0, (4.12)

X,1() = F @[E, — L@)x0) + F @)%, () + E@y©), >0, (4.13)

W0 = F@E, - L@)x0) + F @x%,,0) + K@y, >0 (4.14)
ensures for the solution of system (4.1) the identity

E, - L@)x@t) =0, >0, (4.15)
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Introduce the notation
L L, ..L,, L,
E 0 0 0

n BXp ottt XK HXH

%) = col[x(t), ..., x(t —(m—Dh)], L=

0

nXn 129/ 20 E}‘l nXn

We rewrite Eq. (4.15) as
X =Lx¢—hy, =i, (4.16)
Using the Laplace theorem for determinants and (4.3), we obtain the equality det[LE,,, — ]:] =1"",
i.e., Lisa nilpotent matrix. Denote by & the index of nilpotency of L (]:‘: = 0). It follows from (4.16) and
the nilpotency of the matrix L that 2(¢) = 0 for ¢ > f+ (§ — DA. From the last equality, in view of the struc-
ture of the matrix £, we have x(t) = 0 for ¢ > t;, where t; = f; + (£ — mh..

Now we specify a system that is satisfied by the functions x, x,,;, y in the case of system (4.1) closed by
controller (4.11)—(4.14). As a result of the change of variables X(¢) = [E,, - L(z)] x(t), we obtain closed-loop
system (4.5)—(4.9) whose solution satisfies a system of type (2.1). Therefore, in system (2.1), we formally
change x(?) to [ E, — L(z)] x(t) and x(?) to d ([E, — L(z)] x(1)) /dt. Eventually we obtain a linear autonomous
difference—differential system of neutral type with commensurable delays.

5. EXAMPLE

Consider system (4.1) with the matrices (m =3, n = 2)

3-47°-27° 242z

1) { ’ 0} 42) B © %
Z: , Z: 2 3 , Z: ’
7+7° 0 2—2z—%—% 3+§ 7-7 47

h = In2. For this system, the complete-controllability condition formulated in Remark 5 is violated. We
calculate T = col[L, 0], S = 1, and G(2) = col[0, z]. Asimple check shows that conditions (4.2) and (4.3) of
Theorem 2 are met. We find the matrix

H()—{ 1 0}
9= z2+zl

and construct system (4.5):
5 2z+3 2z+2 0 572
0 - -

(1) { }l(z), t>0. (5.1)

2 Hz+2 §+3 7—-7° 4z
Note that complete-controllability condition (1.3) is also violated for system (5.1). Using Section 2,
we construct controller (1.5)—(1.8) for system (5.1). Here, the matrix
" 0 520
b0, 50
-7 47 2
hence, we can immediately put R(z) = E,, A(z) = Az), B(z) = B(z). Here it is convenient to take s, = 3.
By the procedure described in [19], we obtain

b

10
K@) =K@ =00
02
5
and write out system (2.4), (2.5)
3+27 2+2z7

X(1) = { }_c(t) + {O} X0, >0,
z

2+2z7 3+27
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X)) = v(r), t>0.
According to the procedure described in [9], the characteristic polynomial d(p) of closed-loop sys-
tem (2.4)—(2.7) can be taken in the form d(p) = pz(p —1)(p —5). We calculate the polynomial matrices
El(z) = Fll(z), 1712(1) = Flz(z), and F,-j (2),i =2,3,j =1,2,which appear in (2.7). As an example, we write

1 35 2 .97 3 29 4 49 s s
F@=—z-=z+27 =7 27217,
OO0 Tt Tt T
Ff(z) _ (27905648 4 1 )Z _( 17 4 82025584)12 +( 63 +8738096)Z3
158565 621In2 31ln2 158565 62In2 52855

+( 17 +82025584)Z4 _( 32 +54119936)ZS-

31ln2 158565 31ln2 158565

We do not write out the remaining matrices Fll(z), le(z), Flz(z), Fzz(z), because they are lengthy. The way
for calculating them can be seen in [9] (formulas (18), (20)—(22), (26)). Then, using considerations of
Section 2, we obtain controller (4.6)—(4.9):

ut) = Ll) g}z(z) +mx3(z) + mw(z), £>0,
W) = W — b+ [0 g}w), £ >0, (5.2)

%) = F @) + B @x0) + K@y@), >0,

) = B @X0) + B @x;0) + E@y0, >0,
where y € R. Now we write out controller (4.11)—(4.14) for the initial system of the example:

10 1 1
ut) = {O O} x(t) + {O} x(0) + [O} w(@, >0,

W) =yt =h w{—%zz —%z %}X(t), >0,

(5.3)

1 0
() = F @) L ! Jx(t) + B@x0 + B@y@, >0,

1 0
) = Ff(z){ ) Jx(t) + F@x0+ K@y, >0
The fulfillment of identity (1.4) for the system under consideration that is closed by constructed con-
troller (5.3) follows (see [9]) from the pointwise singularity of system (2.1) corresponding (see the lemma)

to system (5.1), (5.2).

CONCLUSIONS

For linear autonomous difference—differential systems of neutral type with a continuous solution, a
procedure for constructing a linear feedback that ensures the damping of the solution to the initial system
is proposed. A distinctive feature of the present work is that it presents a way of applying the controller in
question to systems that are not complete-controllable.

Of specific interest are systems of the neutral type (4.1) in the case of an absolutely continuous initial
function. The existence conditions of an open-loop control that ensures condition (1.4) for a solution of
such systems are obtained in [13]. However, it is very difficult to construct a required controller when these
conditions are fulfilled. If the characteristic quasi-polynomial of the corresponding homogeneous system
is of the delay type, then it follows from Section 4 that the situation becomes opposite. In some cases, the
delay type of the characteristic quasi-polynomial can be obtained by using the results of [6].
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