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Pedepar. Ilpennaraercss YUCICHHOE PELICHHE KOHTAKTHOM 3a7aud AJI IITaMIa, PACHOIOXKEHHOIO Ha YINPYrOM OCHOBAHUU
B BHJE MOIYIIOCKOCTH JIOMaHOTo odepTanusi. OmnpeeneHre KOHTAaKTHEIX HaNpsHKeHHH BBITONMHSAETCs criocoboMm b. H. XKe-
MouknHa. OHaKo K0d(P(UINEHTH METOAA CHJI B Pa3peIlaloNIUX YPAaBHEHHUSX CMEIIaHHOTO METOJA ONPEIEeNIIOTCs Bapuali-
OHHO-Pa3HOCTHBIM MeTooM. C 3TOM IeNbI0 pacyeTHast 00JIacTh yIIPyroro OCHOBaHUS pa30MBaeTCs HA MPSIMOYTONBHEIE sTUeii-
KU pa3HOU IIIOIAaIy M JUIS KaXIOH SYeHKH ompexessiercs: sHeprus nedopmarnmii. OyHKIHOHAT HONHON SHEPIHU yIPYToro
OCHOBAHUSI U NIPUIIOKEHHOM BHEITHEH Harpy3KH IOJIy4aeTcsi CyMMHPOBAHHEM SHEeprui redopMaruii Kaxkaoi sraeku u pado-
THI BHEIIHUX CHJI U SIBISICTCS KBAAPAaTHYHOHW (DYHKIMEH y3JIOBBIX IepeMENIeHHH pacdeTHOH 00JIaCTH yNpyroro OCHOBAHUS.
Juddepennmposanne (QyHKIMOHAIA MONHON 3HEPTUH 1O KAKIOMY H3 Y3JIOBBIX NEpEMEINCHUH IT03BOJISIET c(HOPMHUPOBATH
CHCTEMY JIMHEHHBIX anreOpandeckux ypaBHEHHUH, peIIeHHEM KOTOPOH SIBISIIOTCS Y3JIOBBbIe NepeMemenus. s dpopmupoBa-
HUSI MaTpHIB! IepeMelleHni IeHTpoB ydacTkoB crocoba b. H. JKemoukuna BHemHsSS eAMHMYHAs Harpys3ka 3agaBajlach
B BUJIE ABYX CHJI, IPUJIOKEHHBIX K IPAHULE KAXKAOTO U3 HUX. DTO MO3BOJIMIIO IOIY4YUTh CHMMETPUYHYIO OTHOCUTEIIBHO IJ1aB-
HOHM JMaroHany MaTpHily B ypaBHEHHSX METOAa CHJ CMeNIaHHOro Merojia. Takum obpa3om ObLta copMHpOBaHa cHCTEMa
ypaBHeHuit cioco6a b. H. XKemoukuna jyist pacuera mraMna, NpUJIOKEHHOTO K TPAHHUIIE MOJIYIUIOCKOCTH, TIPH €ro IOCTyIa-
TeNBHOM IepeMelnieHuy. [locie pemenns: cucteMsl ypaBHeHUi croco6a b. H. JKemouknHa Haxoamimch yCHIUS B CBSI3SIX
Ha KOHTAKTe IITaMIla M YyIPYroro OCHOBaHMS, IMHEHHOE MEpEMEIleHNe MTaMna. OTO MO3BOJIMIIO ONPEAENUTh pacupeere-
HHE KOHTAKTHBIX HAIIPSOHKCHUI U M0JI0’KEHNE BHEIIHEH CUIIbL, BBI3bIBAIOIIEH TOCTYNATEeIbHOE [IEpEeMELICHUE ITaMIIa.
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Numerical-Analytical Approach to Solving Contact Problems
for Elastic Foundations of Complex Shapes
S. V. Bosakov"
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Abstract. A numerical solution is proposed for a contact problem for a stamp located on an elastic foundation in the form
of a half-plane with a broken shape. Contact stresses are determined using B. N. Zhemochkin's method. However, the coef-
ficients of the force method in the resolving equations of the mixed method are determined using a variational-difference
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method. For this purpose, the computational domain of the elastic foundation is divided into rectangular cells of varying areas
and the strain energy is determined for each cell. The functional of the total energy of the elastic foundation and the applied
external load is obtained by summing the strain energies of each cell and the work of external forces and is a quadratic func-
tion of the nodal displacements of the computational domain of the elastic foundation. Differentiating the total energy func-
tional with respect to each nodal displacement allows us to form a system of linear algebraic equations whose solutions are
the nodal displacements. To form the displacement matrix of the section centers using B. N. Zhemochkin's method, the exter-
nal unit load was specified as two forces applied to the boundary of each section. This allowed us to obtain a matrix symmet-
rical with respect to the main diagonal in the equations of the mixed method of forces. Thus, a system of equations was
formed for the method of B. N. Zhemochkin for calculating a stamp applied to the boundary of a half-plane during its transla-
tional movement. After solving the system of equations of B. N. Zhemochkin's method, the forces in the contact constraints
between the stamp and the elastic foundation and the linear displacement of the stamp, were found. This allowed us to deter-
mine the distribution of contact stresses and the position of the external force causing the translational movement of the stamp.

Keywords: contact stresses, stamp, elastic foundation, B. N. Zhemochkin’s method
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BBenenune

PEUINTh MOCTAaBICHHYIO 33724y .
Kax m3pectHo [1], crmoco6 b. H. XKemouknna

KOHTaKTHYIO 3aJady pacuera OaJKd Ha YIPYyrom
OCHOBAaHHUM CBOAMT K pacueTy CTaTUUECKH HeoIlpe-
JenMOM OajKy Ha yNpYyro-moJaTIMBBIX OIMOpax,
KOTOpasi pellaeTcss CMEIIaHHBIM METOJIOM CTpOH-
TenpHOIN MexaHuKH [2]. KoadduimenTs: mpu Hens-

Teopernyeckasi 4acTb

PaCCMOTpI/IM KOHCYHO-Pa3HOCTHBIC

. ku (puc. 1):
BECTHBIX METOAAX CHJI Pa3pelIaolINX ypaBHEHUH
cnocoba b. H. XKemoukuna 3aBucsat ot aedopma- ou 1(uy—u u,—uy)
nuil u3ruba Oalku Cc BBEAEHHBIM 3alllEMJICHUEM & :azf[ Ax Ax j’
U TIepeMEIleHUH ynpyroro ocHoBanus. [nsa ympy- o (v v v
TUX OCHOBAaHWH B BUAE YHPYIUX MOJIYIUIOCKOCTH, g =—=—| 32 L4 4 2|

, ===
MOJIOCHI, KJIMHA W APYTUX 3a/Jada OmpereseHUs & 20 Ay Ay

NepeMelIeHni He BBI3BIBAET 3aTpylaHeHuid [3, 4].

OpnHako Ipu OIpeneNeHuH IepeMENICHUN yIpyro- ou o 1w —-u u —u

O OCHOBaHHS CJIOXXHOW ()OPMBI WIH JIOMaHOTO Yy :§+§ :E 3A—y1+4A—y2 +
ouepTaHus OT AEUCTBUSA €AMHUYHOM CHIIbI, PABHO-

MEPHO pacmpezeneHnon mo ydactky b. H. JKemou- l("z L \gj
KHMHA, BO3HHUKAIOT CEPbE3HBIC MaTEMaTHYECKUE 2\ Ax Ax )

TPYAHOCTH. Huxe npepjraracTcsa ONnpeaAciiiaThb IIe-

ctemy ypaBHeHu# crocoba b. H. XXemoukuna u

(opmy-
7l [6] AN HAXOXKICHUSA JIMHEWHBIX U YTJIOBBIX
negopManuii B LEHTpPE NPSMOYTOIbHOH sueid-

(1)

pEeMEICHHsI TPAHHIBI YIIPYTOr0 OCHOBAHHS OT JCH-
CTBUS €IUHUYHOMN CHJIBI BApHAIIMOHHO-PA3HOCTHBIM
MeTojoM [S]. Oto mo3Bosser chopMUPOBATH CH-

rae u(x, y), v(x, y) — IMHEWHBIE TIEPEMEIICHUS

y3JI0B MPAMOYTOJIbHOW SYEMKH B HampaBiIeHUU
ocell koopauHAaT (puc. 1).

Ay/2
- -

Ay/2

l/ Ax f 2

A
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Puc. 1. K onpenenenuto gehopmanuii B IpsMOYTOIBHON sUeiike

Fig. 1. To determine deformations in a rectangular cell
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OHeprus naedopMaiuii B sueiike onpeaensercs
ciemyromuM obpazom [7, 8]:

D, = AxAy{%(sx +e, )2 + G(Si +8i)+%“{i}1;
B £ )

(1+v)(1-2v)’ 2(1+v)’
roe E, v — MOIynb YINPYyroctd ¥ Kod(QUIHEHT
Ilyaccona ynpyroro oCHOBaHHs.

OHeprus JnedopMali BCErO YNPYroro OCHO-
BaHHWA HaXOIUTCSI CyMMHpOBaHHEM (2) MO BceM
sgeiikaM CeTKH, pa3OuToii Ha ocHOBaHWHU. [l
MOJIHOM TMOTEHUUANbHOM SHEPrUM OCHOBAHUS H
JISUCTBYIOIIEH Ha OCHOBAaHHUE BHEIIHEW Harpy3Ku
HY)KHO K cyMMe (2) m00aBHTHb pabOTy BHEIIHHX
CWJI Ha TIepEMEIleHUIX yIPYroro OCHOBaHUS, B3s-
TYIO C OTPULATENbHBIM 3HAKOM [9].

Ilpumep pacuema. PaccMoTpum 3amaqy o JaB-
JICHWH BEPTHKAJILHOTO IITaMIIa HA TPAHMILY JIOMa-
HOW MOJTYTUIOCKOCTH (puc. 2).

Puc. 2. JlapneHue mraMna Ha rpaHUIy HOITYINIOCKOCTH
JIOMaHOT'O OYePTaHUS

Fig. 2. Stamp pressure on the boundary
of a half-plane of a broken outline

[Ipunsitas pa3buBka pacdeTHOW oOJNacTH Ha
3JIeMEHTapHbIe MPAMOYTOJIbHBIE SYEHKU MpHUBEE-
Ha Ha puc. 3. Ha rpanune pacuetHoii obxactu ro-
PU3OHTAJbHBIE U BEPTUKAJIBHBIE IEpEMEIIEeHUs
MIPUPABHUBAIHCH HYITIO.

W3 puc. 3 BUIHO, YTO KOHTAKTHAs 30HA IITaMIIa
pa3duBaachk Ha IeCTh y4acTKoB criocoba b. H. JKe-
ModKkuHA. J{msa Kaxaon sueitku mo (2) ompemens-
Jack dHEPTHsl JeGopManiu ¥ CyMMHUPOBAJach JJIs
si9eeK Bcel pacdyeTHOU obmactu. BHem s HArpy3-
Ka B BUJIE JIBYX CHJI 1O 1/2 mpuKiaasiBantack K co-
CEIHUM y3JaM Ka)I0TO U3 IIECTH YYacTKOB CIIO-
coba b. H. J)KemouknHa Ha KOHTAKTHOH IUIOLIAIU
mramma. Takum oOpa3oM ObLT TIOMy4YeH (PyHKIHO-
HaJl TIOJIHOW TOTEHIUAIbHOW SHEPTHH YIPYTOro
OCHOBaHMs M JCHCTBYIOIIEH HAa OCHOBaHME BHEII-
Helt Harpy3ku. [lonydyennsiit pynkumonan audde-
PEHIIMPOBAJICSA TIO KaXIOMY M3 Y3JIOBBIX Iepeme-
LICHUI TPUHATON pacdeTHOH o0NacTH, W MPOU3-
BOJHAs MpUpaBHUBaNAch Hymo. OOpa3oBaHHas
CUCTeMa IJIMHEHHBIX anreOpandecKux ypaBHEHUH
pemanach, ¥ HaXOIMIUCh IEPEMENICHHs Yy3JI0B
pacdyeTHOU oOmacth. Ha puc. 4 mokaszaHbl IONy-
YeHHBIC TaKUM 00pa3oM TpaduKu TOPHU30HTAIh-
HBIX TIEpEeMEIIeHNH [IEHTPOB MIECTH YYaCTKOB CIIO-
coba b. H. Xemoukuna npu mmmue mramna 6 M
u koddpdunuente Ilyaccona ympyroro ocHoBa-
Hus 0,35 oT nefcTBUsS CyMMapHOW €IMHUYHOH ro-
PU30HTAIHHOMN CHITBL

. 7
21
8Ay 35
49 54
74_
4Ay
<+
6Ay
—k 115 126
/L 9Ax 4Ax  4Ax  3Ax
| f 1 7 A

Puc. 3. IlpuHATas ceTKa Ha pacyeTHOH 00JIaCTH yIIPYroro OCHOBAHUS

Fig. 3. Adopted grid on the calculation domain of the elastic foundation
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0.5
1 2 3 4 x 5
Puc. 4. T'paduky rOpH30HTAIBHBIX IEPEMEINEHHH CEPeIHE

ImecTH y4acTkoB criocoda b. H. Kemouxuna

Fig. 4. Graphs of horizontal displacements of the centers
of six sections of the B. N. Zhemochkin method

TaxuM oGpa3oM GbL1a cOPMHPOBAHA MATPHIIA

nepeMeneHui (Taom. 1).
Tabnuya 1

1,5531 | 0.8966 | 0.1090 | 0.2851 | 0.5627 | 0.3610

0.8966 | 1.5113 | 0.7325 | 0.1304 | 0.4219 | 0.5093

0.1090 | 0.7325 | 0,9050 | 0.2835 | 0,1198 | 0,2441

0.2851 | 0.1304 | 0.2835 | 0.7066 | 0,5314 | 0,0991

0.5627 | 0.4219 | 0.1198 | 0.5314 | 1,0762 | 0,6298

0.3610 | 0.5093 | 0.2441 | 0.0991 | 0.6298 | 1.0112

PaccMOTpHM 1OCTyHaTelnbHOE IEpeMElIeHHE
mramma. JlaHHEble Ta6l. 1 mo3BOIAIOT copmupo-
BaTb CHCTEMY YPAaBHEHHH CMEIIAHHOTO METOJa
JUIA OIIpeZIeTIEHHs KOHTAKTHBIX HANPSUKEHHH H Ie-
peMemeHns mramna. Ha pHc. 5 IpHBeJIeHa 31opa
KOHTAKTHBIX HAIPSKEHHH O] IITAaMIIOM IIPH €ro
[IOCTYIATENbHOM II€PEMENEHHH. PaccTosgHHE OT
y31a 7 (puc. 3) 10 TOYKH IIPHIOKEHHA I'OPH30H-
TaIbHOH CHIBI 3.46 M. OTMETHM IIOSBJIEHHE 30H
PaCTATHBAIONINX HAIPSKEHHH B 30HE KOHTAKTA
IITaMIIa H YOPYToro OCHOBAHHS.

0.2
) A /\

/ 3 4 5 x

0.1

02

-03 \

04

0.5

Puc. 5. PacnipenencHue KOHTAKTHBIX HAIIPDKCHHH
TIOZ INTAMIIOM IIPH €r'0 IIOCTYIAaTeNbHOM IIEPEMEIICHHH
OpPH ACHCTBHH €THHHYHOMH CHIIBI

Fig. 5. Distribution of contact stresses under
a stamp during its translational movement under
the action of a single force
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VKazaHHBIH I[OIXOX paHee OBUI peanH30BaH
IPH PENICHHH KOHTAKTHOH 3ajadd i (yHIa-
MeHTHO# Ganku [10], pacmonokeHHOI Ha JHE KOT-
noBaHa (pHC. 6).

Puc. 6. PyrnameHTHaA OalKa Ha JHE KOTIOBAaHA

Fig. 6. Foundation beam at the bottom of the pit
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