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PaccmoTpeHo anddepeHumansHoe ypaBHeHe NepBOro Nopsiaka — ypaBHeHue JlbeHapa, ABnstoLLeecs ypasHe-
HWEM TPaeKTOPWI 7S CUCTEM, COOTBETCTBYIOLLMX YPaBHEHUSIM BTOPOrO nopsiaka. [yTem 3ameHbl nepemMeHHO
OHO NpUBELAEHO K ypaBHeHMio Abenst. MonyyeHsl He0bXoanMble 1 JOCTATOYHbIE YCMOBWS CyLLECTBOBAHUS UHTE-
TPUPYIOLLErO MHOXITENS AOCTaTONMHO 06LLyero Buaa Anst ypasHeHust Abens. YMHoxeHve 06eunx yactei audde-
PEHLManbHOrO ypaBHEHUS! Ha MHTETPUPYHOLLMIA MHOXUTENb NO3BONSET NPUBECTY €70 K YPABHEHWHO B NOMHBIX
puddepeHLanax, a 3HauuT, NPOUHTETPUPOBATL YPaBHEHNE B KBagpaTypax.

CyLLECTBOBAHWE MHTErPUPYIOLLEr0 MHOXWTENS PABHOCUITBHO HAMMYMIO TPYNMbl HEMPEPbIBHBIX MPe0obpa3oBaHuil
nepeMeHHbIX, OCTaBMSIOLLMX MHBAPUAHTHBIM paccMaTpuBaemoe ypaBHeHue. Takasi rpynna npeobpasoBaHui
BbINUCBLIBAETCS MO M3BECTHOMY UHTETPUPYHOLLEMY MHOXMUTENHO. 10 HageHHON rpynne MOXHO B0 NOCTPOUTH
TOYHOE PELLEHNE AaHHOrO ypaBHeHUs:, MMBO Mo OGHOMY W3BECTHOMY TOYHOMY PELLEHWIO MOCTPOUTb CEMENCTBO
peLLeHui anddepeHLmanbHOro ypaBHEHNS.

Knrouesbie crosa: ouddepeHumanbHble ypasHeHns JlbeHapa n Abens, 3ameHa nepeMeHHON, UHTErPUPYIOLLNI
MHOXWUTEb, HEMPEPLIBHOE NPpeobpa3oBaHne NEPEMEHHbIX, MHBapUaHTHOe AnddepeHLmansHoe YpaBHEHNE.

The differential equation of the first order — Lienard equation is considered. By replacing the variable it is trans-
formed to Abel equation. The necessary and sufficient conditions of existence of the integrating multiplier for Abel
equation are obtained.

The presence of such a multiplier is equivalently to the existence of continuous transformation of variables that
leaves invariant the equation under consideration.

Keywords: Lienard and Abel differential equations; replacing the variable, integrating multiplier, continuous trans-

formation of variables; invariant differential equation.

PaCCMOTpVIM anddepeHumnansHoe ypas-
HeHue JlbeHapa nepBoro nopsiaka
yy'+f(x)y+g(x)=0, (1)

rae f(x) n g(x) — HenpepblBHO AnddepeH-
umpyemble yHKLMU, obecnednBarolime cy-
LLleCTBOBaHWE U €ONHCTBEHHOCTb peLUeHUst
nokanbHon 3agayn Kowwnm Ha HeKoTopom
npomexyTke. OuddepeHumansHoe ypaBHe-
Hue JlbeHapa BTOpPOro nopsiaka onucbisaet
KOHKpEeTHble (hmnsnyeckne npoueccol, nsyya-
eMble B Teopum konebaHunin u AMHaMMUYeCcKmx
cuctem [1]. YpaBHeHune (1) aBnaetca ypas-
HEHMeM TpaeKkTopun Ons CUCTEeM, COOTBET-
CTBYIOLLMX YPaBHEHMAM BTOPOro nopsaka.

BbinonHum B ypaBHeHuu (1) 3ameHy ne-
peMeHHoM no opmyre

X)=——,
ATy
roe z(x) — HoBasi HemsBecTHas PYHKUMS, B
pesynbrarte Yero nofyynM ypaBHeHue
Z=f(x)z2*+g(x)Z°. (2)
Ecnn n3BecTtHO YacTHOe pelleHue ypas-
HeHna Abensa obLlero Buaa
Y =a,(x)y* +a,(x)y* +a,(x)y + 2 (x),
TO ypaBHeHMe (2) nony4yaem u3 Hero c no-
MOLLIbIO 3aM€eHbI NepeMeHHbIX [2].

Bynem nckatb MHTErpUpYOLLMIA MHOXUTENb
ONsl ypaBHEHUs (2) B 4OCTaTOYHO oOLlem Buae

n(x2)=TT(z+e, ()", 3)

=1
rme ¢,(X) — audbdepeHunpyemble cpyHKLMM
nepeMeHHON X, a, — MOCTOsIHHbIE, j=1n.
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Hanunuvne Takoro MHOXMTENs 3KBMBANIEHTHO
HanuuMi HenpepbiBHOIO MNpeobpa3oBaHus
NnepemMeHHbIX, OCTaBMALWEro WHBapuaHT-
HbIM paccMatpuBaemoe ypasHeHue [3; 4].
[na cywecTtBoBaHNA UHTErPUPYHOLLETO0 MHO-
Xutens ana ypaBHeHus (2) Heobxogumo u
A0CTaTOYHO BbINOSIHEHUSA YCNOBUSA
a—M+a—“(f(x)z2 +g(x)z3)+
ox o0z
+ p(22f(x) + BZzg(x)) =0.
PaccmoTtpum cHayana npocrenwme criyqau.
1. Cnyyat n = 1. Noactasum

1(x2)=(z+0(x))

B TOXOEeCTBO (4) C yd4eTOM ypaBHeHua (2),
nony4ymMM TOXAEeCTBO

20f (x) 2% + 209 (x)Z° + ag’(x) +
+22°f (x)+32°g (x) +22f (X) p(x) +
+32°g(x)@(x)=0.

CpaBHuBas koanuneHTbl Npu OanHa-
KOBbIX CTEMNEHAX z, NOy4YUM CUCTEMY:

g(x)(2a+3)=0,

2f (x)(a+1)-3g(x)e(x)=0, (5)
¢(x)=0,
(p’(x) =0.

Cuctema (5) nmeet pelweHne

3
==, ¢(x)=0 npu ycnosuu, uto f(x) =0
(TpvBManbHbLIN cnyyan).
2. Cniyyau n = 2. NopctaBum

n(x2) = (z+0,(x))" (z+ 0, (x)) (6)

B TOXOEeCTBO (4) ¢ y4eTOM ypaBHeHus (2),
nonyyYynmM paBeHCTBO

(x(f(x)z2 +9(x)2% + o/ (x))(z +0, (x))oH x
x(z+@,(x ) ( (x)2? +g(x)z3+(p2'(x))x

)) (z+0,(x ))[M +

Z°f (x)+Z2°g(x )

(
x(z+ 0, (x
+(
“zro, (%) + (7)
+B(Z+(p1(x)) (Z+cp2(x))ﬁ_1)+

+(z+0,(x)" (z+0,(x)) x

><(22f(x) + BZzg(x)) =0.

+( Z+o,(x

CpaBHuBas ko3a(pruneHTbl Npn oguHa-
KOBbIX CTEMNeHAX z B ypaBHeHuwn (7), nony-
YUM CUCTEMY:

g(x)(2a+2p+3)=0,
2f( )(a+p+1)+

29 (x)(c, (x) +Bo, (x)) +
+39 (X) (s (x) + 9, (x)) =0,

2 (x) (0, (x) + By (x)) + (8)
+2f (X) (@, (x) + @, (X)) +
+39(x)@; (x) 9, (x) =0,
ag; (X)+PBe, (x)+
+2f(p1( )(pz(x) :
o, (X)), (x)+Be, (x)e, (x)=0.
O6o3Hauum
ag; (x)+ B, (x) = u; (x),
¢y (X) +0, (x) = 1, (%),
¢ (X)@, (x) =v(x).

Toraa npw ycrnosuu, yto 9 (X)#0, us (8)
MOMNy4YnMM CUCTEMY:

3
+B=——,
o+ >

f+2g9u, =0,
> —fgu, +3g°v =0, 9)
u, +2fv =0,
N '(PzB =1

3 cuctembl (9) nmeem:

_1(fy
Af\g )’
Taknm ob6pasom, And Toro YTobbl ypaBHe-

HUe (2) NMEeno MHTEerpupyLWmMin MHOXUTENDb
Buaa (6), Heobxoanmo 1 4OCTaTOYHO, YTOObI

cuctema (10) npu ycnosusix 0L+B=—g "

¢,*-¢,” =1 Bblna coBMeCcTHa Npu HEKOTOPOM
BblOOpEe MNOCTOAHHbIX a U 3.
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3. Cnyyau n = 3. NoactaBum
m(x2z)=

=(z+0,(x) (z+0, () (z+0:(x)" (1)
B TOXOECTBO (4) C y4eTOM ypaBHeHua (2),
nony4yMMm paBeHCTBO

a(F(x)22+g(x) 2 +9/ (x))(z+9,(x))'x
x(z+9,(x)) (z+0,(x)) +

+B (f(x)z2 +9(x)Z° + ¢, (x)) X
(z+0,(x)) (z+0, (x))Bf1 (z+¢,(x)) +

+y (f(x)z2 +9(X)2° + ¢, (x))(z+(p1 (x))" %
<(z+0,(x)) (z+9,(x)) +

+(2F (x)+ 29 (x))[o (2 + 9, (X))
x(z+9, (%)) (z+ 05 (x)) +

X)) (246, (x) (z+05(x)) +
X)) (2+0, (%)) (z+05(x)" ¢
H(z+0,(x) (2+9, (%)) (2 +9, (%)) x
x(22f (x)+32%g(x)) ) L1

CpaBHuBas KoapdPuUMEHTbI NpU oauHa-
KOBbIX CTEMNEHSAX Z B NOCNegHEM YpaBHEHUN,
nonyyYnM cuUcTemy:

g(20+2B+2y+3)=0,
2f (a+B+y+1)+

+B (z+(p1

+vY (Z+(P1

+29 (0, + 0@y + B, +Ps + Y0, + Y0, ) +
+39(@(+@2+@3):0,

2f((x((p2 +(p3)+[3((p1 +(p3)+y((p1 +(p2))+
+2f (9, + 9, +95) +

+3G (P10, +O4P5 + 9,05) +

+29 (09,05 + PO @ +10,0,) =0, (12)
oQ, + B, + 70, +

+2f (010,05 + BOyps + 70,0, ) +
+2f(@2¢3+wm@3+wm¢2)+

+399,9,0; =0,

0, (@, + @) + B, (@ +05) +

705 (@4 +9,) +2f 00,0, =0,

0“P1,(P2(P3 + B(P1(PZI(P3 + Y(P1(P2(Pal =00

O0603HauYMMm

+Y0, (X)(Pz (X) =V (X)’
07 (%) + 03 (X) + 03 (x) = v, (x),
ag? (X)+ B3 (X)+793 (x) = v, (x)

b
—~
x
S~
S
N
—~
x
S~
S
[
—_~
x
e +
Il
<
.~
x

Torga npw ycrnosuu, 4To g
NoJSTIy4nuM CUCTEMY:

a+B+y=—%,

29[ (o +B+y)u, —u, |+3gu, —f =0,
2f [ (o +B+7)u, —u, Ju, +2gu, +
+3g(u§ —~ v2) +3fu, =0,

2fv, +u, +3gw + (13)

2fw +u,u, —%’ =0

(p1u'(p2[5'(p3“/ =1.

N3 cuctembl (13) nonyymm:

f
u,=——,
29
e
* o 3% 3¢’
! 2 3
2fv, +3gw = I —£+2—f2 (14)
29 3g 3g
(Y
Vy +U, E —4fw =0.

Takum obpasom, ans Toro 4ToObl ypaBHe-
HUe (2) NMerno NHTErPUPYOLNIA MHOXUTEND
Buaa (11), HeobxoanMMO N JOCTATOYHO, YTO-

6blcuctema (14) npu ycnosusax a+p+y = —g

n o 0, ¢, =1 6bina coBMecTHa npw He-
KOTOPOM BblB6Ope MOCTOSAHHbIX a, B 1 Y.

4. Obwuu cnyyad.

NogcTtaBuB
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n a;-1

0
a_i: L] (Z“P/) x

x(OL1 (z'+cp1')(z+cpz)(z+cps)...(er(pn)Jr
+aL, (z'+(pz')(z+(p1)(z+c;>3)...(z+(pn)+.__Jr

+a, (Z2+¢,)(Z2+¢,)-(2+¢,.4))

"
0z Z+ o,

%ﬁ(z’L‘P/’)J O‘nﬁ(Z“Pf)j
+— = o4 —22

Z+Q, Z+ o,

B ypaBHeHue (4) ¢ y4yeToM ypaBHeHus (2)
N npupaBHMBasa KoapnumeHTbl Npn ognHa-
KOBbIX CTEMNEHNAX Z, NOTy4YUM CUCTEMY:
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29> o, +3=0,
=

Zf(Zocj +1)+
=1

n n n-1
+29 oc12(pj +0L22(pj +...+OLHZ(|)/. +
j=2 j=1 j=1

Jj#2
+3g;(pj=0, (15)
z 0L/(p/ Z(Pk +2fH(P/ =Y
= poy =

Taknm obpasom, fokasaHa cnefytoulas
Teopema.

Teopema. [ona Toro 4tobbl ypaBHEHME
(2) ponyckano VHTErpPUPYOLWNIA MHOXUTEND
Buaa (3), HeobxoaMmMo M AOCTaTOYHO, YTOObI
Npu HEKOTOPOM BbIGOPE MNOCTOSAHHLIX O,

j=1,n, 6bina coBmectHa cuctema (15).

YcrnoBua  CywWeCTBOBaHWUS  MHTErpupy-
lOLLIEr0 MHOXUTENSA MHOTO BuAa A5 ypaBHe-
Hua Abensa nccnegosaHbl B pabote [5].
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