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MATEMATHYECKOE MOJEJINPOBAHUE
IKOHOMMNYECKHUX CUCTEM
U BU3HEC-ITPOLHECCOB C KOIIYJIAMUA

P.C. MYPAJIOB
HamaHnraHckuii MHXEHEPHO-TEXHOJIOTHUSCKUH UHCTUTYT
Hamanran, Y30exkucran

Annomayus. Hzeecmmuo, umo mnozomeproe pacnpeoenenue [Iyaccona,
IKCNOHEHYUANbHOE UNU HOPMATbHOE pAcnpedeneHue, MONCHO paccmam-
pUBamsd KAk XOpouLyo Mooeib OJisl OYeHKU COBMECMHO20 PACnpedenenus
MHOJICECBA MUKPOIKOHOMUUECKUX, MAKPOIKOHOMUYECKUX U UHAHCO-
6b1x nepemennuvix. Ho unoeoa smu pacnpeoenenus mocym ne 0amv xopo-
wux pe3yrbmamos. Imo npueooum K npoodieme NOUCKA MHO2OMEPHBIX
Mooenell, Komopble Nyuuie 8ce20 COOMEemcmeyIom momy pacnpeoere-
Huto. OOHUM U3 803MOJICHLIX CNOCOO08 peulenus Ymotl npobaembl A67A-
emces UCNONb3068anUue meopuu QYHKYUll, U36eCMHbIX KAK KOnyavl. B oan-
HOUl CIambve paccmampuaromcs npooiIeMbl MameMamuiecko2o Mooeu-
POBAHUSA DKOHOMUHECKUX CUCTEM U OU3HEC-NPOYecco8 ¢ UCNOIb308AHUEM
Memooa KOnyol.

Kntouesvie cnosa: mamemamuueckoe Mooeruposanue, Memoo Konyivl,
IKOHOMUYECKUe cucmembl, OU3HeC-npoyeccwvl, CoBMecmHoe pacnpeoeie-
Hue.
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It is known that the multivariate Poisson distribution, exponential dis-
tribution or normal distribution, can be considered as a good model for
estimating the joint distribution of abounding microeconomic, macroeco-
nomic and financial variables. But sometimes these distributions may not
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give good results. This leads to the problem of finding multivariate models
that best fit this distribution. One possible way to solve this problem is to
use the theory of functions known as copulas. This article discusses the
problems of mathematical modeling of economic systems and business
processes using the copula method.

Keywords: mathematical modeling, copula method, economic systems,
business processes, joint distribution.

Numerous scientific and practical researches conducted all over the
world are mainly focused on the use of mathematical modeling methods.
In particular, statistical models are mathematical models in various fields,
such as economics, and business processes, physics, astronomy, biology,
medicine, demography, sociology, psychology, engineering, mechanical
engineering, computer science, natural sciences, and other related fields.

Currently, there is a need to study statistical models of multidimen-
sional random quantities and their distributions, and such problems are in
the focus of attention of specialists. Nonparametric estimates of the mul-
tivariate reliability function for complete and incomplete samples are im-
portant in many practical problems. This is the basis for determining the
adequacy of the models. In fact, the process of nonparametric statistical
estimation of distributions is a more complicated process than parametric
estimation. It is known that the multivariate Poisson distribution, expo-
nential distribution or normal distribution, can be considered as a good
model for estimating the joint distribution of abounding microeconomic,
macroeconomic and financial variables. But sometimes these distributions
may not give good results. This leads to the problem of finding multivari-
ate models that best fit this distribution. One possible way to solve this
problem is to use the theory of functions known as copulas. The word
copula means link, connection. The scientific work of mathematicians
Hoeffding (1940) and Sklar (1959) played an important role in the initial
formation of the theory of these functions. By the end of the 1990s, the
attention of specialists was attracted by mathematical modeling using cop-
ula functions and their practical application. The copula function method
consists of forming a correlation structure by connecting the marginal dis-
tributions to the joint distribution using another auxiliary link function

(see, [1], [8]-[10]).
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The copula methodology separates marginal distributions from the de-
pendence structure, linking them to the joint distribution through the cop-
ula function. Professor of Illinois University of Technology of USA Abe
Sklar introduced the theory of copula in 1959. Early monographs on cop-
ula functions are Joe (1997) (focusing on new probabilistic concepts
around copulas) and Nelsen (1999, 2006) (a popular, readable introduction
to the copula). An interesting historical perspective and introduction to
copulas can be found in Durante and Sempi (2010). A more advanced
probabilistic treatment of copulas is Durante and Sempi (2015). Currently,
copula functions have been successfully applied in finance-insurance
(Cherubini, Umberto, et al., 2013), biostatistics (Lambert, Vandenhende,
2002), hydrology (Zhang, Singh, 2006), and climate science (Salvadori,
De Michel, 2007) is being used (see, [1], [5], [10]).

Statistically, a copula can be defined as follows.

Definition. A copula is a bivariate distribution function with uniform
marginals.

Examples ([5]-[8]). a) (Independence Copula). The function

I1(u,v): [0,1]2 —[0,1] given by
II(u,v)=u-v, u,ve[0,1],
is called the independence copula (see, picture 1a).

Picture 1 — Visual graphs of. a) Independent copula; b) comonotone;
c)countermonotonic copulas.

b) (Comonotonicity Copula). The function M (u,V): [0,1]2 —[0,1]
defined by
M (u,v) =min(u-v), u,ve[0,1],
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is a copula called the copula of complete comonotonicity (see, picture
1b) (also called the upper Fréchet—-Hoeftding bound).
C) (Countermonotonicity Copula). The function
W(u,v):[0,2] —>[0] defined by
W (u,v) = max(u+v-1,0), u,ve[0,1],
is a bivariate copula called the copula of complete countermonotonicity

(see, picture 1c) (also called the lower Fréchet—-Hoeffding bound).
d)(Gaussian (Normal) copula). The normal copula takes the form

1 T (2 ofst4t
Cg(u,v)z‘l’a(d)'l(u),d)'l(v)) =m _j j exp{W}dsdﬁ
where @ is the d.f. of the standard normal distribution, and ¥ is the
standard bivariate normal distribution with correlation parameter
6 € (-1,1), €= 0. There are numerous applications of Gaussian copulas,
particularly in engineering and finance. Scatterplots based on different pa-
rameters are visualized (see, picture 2).

00 —00

Picture 2— Visual graph of normal copula scatterplots based on different
parameters.

We can see from picture 2 scatterplot of 2500 samples from the biva-
riate Gaussian copula with @ =-0.5 (left), 0 (middle), and 0.5 (right).
Note that the dependence is increasing with € ,and the case 0 corresponds
to independence. Also note that the scatterplots have two axes of sym-
metry: (i) symmetry around the first diagonal (corresponding to exchange-
ability) and (ii) symmetry around the second diagonal (corresponding to
the fact that the Gaussian copula is radially symmetric).
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e) (Plackette Copula). The Plackette copula has been applied in recent
years. The Plackette copula function is defined as follows

R+ (@-Du+v)]- \/[1+ (6-1)(u+V)]* —460(6 -1)uv
B 2(60-1)
If 6 =1, then the Plackette copula function C,(u,v) =u-v =TII(u,v).

Taking the partial derivatives with respectto U and v, its copula density
function can be written as follows

0°C,(u,v) _ O+ (0-1)(u+v—2uv)]
UV [1+(0-D(u+v)F 400D}

C,(u,v) , >0, 0=1.

c,(u,v) =

0=0.5

c(u,v)

vy 070

u

Picture 3 — Visual plot of the Plackett copula density function when the
parameter is 20 and 0.5.

From the copula density function plots with different parameters in pic-
ture 3, it is seen that (i) the density is higher if both u and v take on
smaller or bigger values at the same time for @ =20, i.e., high follows
high and low follows low as the representation of positive dependence;
and (ii) the negative dependence is observed from the density function plot
for €=0,5, in this case, smaller u and bigger v reach higher density
and conversely.

Copulas are powerful mathematical tools used in various fields,
including finance, economics, and risk management, to model
dependencies between random variables. They offer a flexible framework
for capturing complex relationships that may not be adequately described
by traditional correlation measures. In the context of economic systems

495



and business processes, copulas can be applied in several ways (see, [2]-
[5]):

— Risk Management: Copulas can be used to model dependencies
between different types of risks, such as market risk, credit risk, and
operational risk. By capturing the joint distribution of these risks,
businesses can better understand their overall risk exposure and make
more informed decisions regarding risk mitigation strategies.

— Portfolio Management: In finance, copulas are often employed to
model the joint distribution of asset returns in a portfolio. By incorporating
dependencies between asset returns, portfolio managers can more
accurately assess portfolio risk and optimize asset allocation to achieve
desired risk-return profiles.

— Insurance and Actuarial Science: Copulas are widely used in
insurance and actuarial science to model dependencies between insurance
claims and other relevant factors, such as policyholder characteristics and
macroeconomic variables. This enables insurers to better assess their
liabilities and set appropriate premium levels.

—  Supply Chain Management: Copulas can be applied to model
dependencies between different stages of the supply chain, such as
demand forecasting, production scheduling, and inventory management.
By understanding the joint distribution of these variables, businesses can
optimize their supply chain operations to minimize costs and improve
efficiency.

—  Credit Risk Modeling: In banking and finance, copulas are used
to model dependencies between default events of different counterparties
in a credit portfolio. This is particularly important for assessing the overall
credit risk of a portfolio and determining capital adequacy requirements
under regulatory frameworks such as Basel I1.

—  Extreme Value Analysis: Copulas are useful for modeling extreme
events, such as financial crises or large-scale disruptions in supply chains.
By capturing the tail dependencies between variables, businesses can
better understand the likelihood and potential impact of extreme events on
their operations.

Overall, copulas provide a flexible and versatile framework for
modeling dependencies in economic systems and business processes,
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allowing for more accurate risk assessment, portfolio management, and
decision-making.
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