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AIIMMPOKCUMALUA SKCIHHEPTHBIX OHEHOK
CHUHI'YJIAPHBIMU BEUBJIETAMUAU

B paGote paccMOTpeH alropuT™M anmnpoKCHMALMU CHHTYISIPHBIMU BeHBIIeTaMHU, KOTOPBIH MOXKHO
HCTIOIB30BATh U KOMITBIOTEPHOTO aHAJIM3a CIIOXKHBIX MaTeMaTHIeCKuX Mojenel. OcoOeHHOCTBIO aIropuT™Ma
SIBIIsIeTCsl 0ObeIMHEHNEe METO/Ia BeiBieT-aHaln3a CUTHAJIOB U sIIEPHBIX olleHOK Tuma [lapzena—Posenbnarra
(Hamapas—Barcona). Bo BBeZeHHH paccCMOTpPEHBI KJIaCCHYECKUE BEHBIET-QYHKIHUN W SIACPHBIC OLCHKH.
OTMe4eHO, YTO B KJIACCHYECKOM TEOPUH BEHBIETOB HENb3s MCIIOIB30BATH SACPHBbIC (YHKIUH, a Oa3HCHbBIC
BEHBIIETHI HEMb3sT BEIOUPATH C IETbI0 TTOMYUYEHHs SIIEPHBIX OLleHOK perpeccun. CHopMynnpoBaHoO, YTO LENbIO
HCCIIeTIOBAHNSI SIBIISIETCS IIPEOJI0JICHIE OTPAaHUUEHHS T10 BEIOOPY Oa3ica alnpoKCHMAINH 1 00beIMHEHNE METOI0OB
TEOPHHU SICPHBIX OLCHOK C TeOpHel BEHBIIETOB, U3yueHHE OOLIMX CBOWCTB alNPOKCUMALMM CHHIYJISPHBIMU
BEUBIETAMH M Pa3BUTHE aJITOPUTMOB anmpokcumanuu GpyHKuil. B ocHOBHON 4acTH paboOTHl T0Ka3aHO,
YTO AJIS1 CUHTYJIIPHBIX BeIBIETOB MMeeT MecTo aHajor paBeHcTBa IlapceBass. DTOT pe3ynbTaT MO3BOJSET
UCTIONB30BaTh B KauecTBE 0Aa3MCHOTO BeiiBieTa simepHble QYHKIHU. B OCHOBHOI 4acTH BBEAEHO MOHSTHE
MOCJIEI0BATEIFHOCTU CHHTYJISIPHBIX IPeoOpa3oBaHu, KOTOPYIO YAOOHO HMPUMEHSTH MPHU aripoKCHMannuu
(YHKIMM CHHTYJISIPHBIMH BeliBlIeTaMu. [10ciie10BaTeIbHOCTD CHHTYJIPHBIX TPe00pa30BaHMii 1aeT BO3MOKHOCTh
HPEICTaBUTh HETIPEPHIBHYIO (DYHKIIHIO B BUJIC CYMMBI psijia U3 CHHTYJIIPHBIX BEHBIICTOB («MaJICHBKUX BOJH).
Vcnione3ys pa3iauMyHOE YHUCIIO YWICHOB Ps/ia U3 CHHTYJISIPHBIX BEHBIETOB, MOXKHO ITOJIyYUTh PA3/IMUHYIO CTEIIEHb
CTIIAKMBAHUS (PyHKIMN FIIH IIPU HEOOXOAMMOCTH MHTEPIIONUPOBATh SKCIIEPUMEHTaNbHbIe JaHHbIe. Jloka3aHa
CXOJMIMOCTH II0CJIEZIOBATEIBHOCTH BeiBiIeT-1ipeoOpa3oBanuid. [IpuBeneH npuMep NpUMEHEHHs Pa3IoKEeHUs
B PsiZI 10 CHHTYJISIPHBIM BeiiBIeTaM A7l JTUCKPETHOTO Ciyvas. B 3akiroueHnu oTMeYeHo, 4To B paboTe MoIyueHo
TEOpeTHYeCKoe 0OOCHOBAHNE U YHCIICHHBIE PE3yIbTaThl, KOTOPHIE IIOATBEPXK/IAI0T BO3MOXKHOCTh TPHMCHEHHS
ANMPOKCUMALUY CUHTYJISIPHBIMU BEHBICTaMH K HIMPOKOMY KPYT'Y IIPHKJIAJHBIX 3aa4.

Knioueguvie cnosa: setiBner-npeodpazoBanue, oneHka [lapzena—Po3en6narta, annpokcuMarys ypaBHEHUs
perpeccun Hagapas—Barcona.

BBenenune. KomnpiorepHoe MoaenupoOBaHUE B TOW WIJIM MHOW CTENCHU peliaeT 3aaady
anmpoxcumanuu. [103ToMy MOUCK U HCCIe0BaHIE HOBBIX METOJIOB alllIPOKCUMALINH MIPEICTABIACT
3HAUUTEIIbHBIN UHTEPEC U SABISAETCS aKTyallbHOM MPUKIIAIHON 3a1aueid.

AnmpokcuMaIius MOXET OBITh BBINOJHEHA pa3HBIMH crmocobamu. DPPEeKTUBHOCTH
napamMeTpUYeCcKoro IMOJX0/ia OCHOBBIBAETCS HA YBEPEHHOCTH, UYTO (YHKIUS OTKIUKA MMEEeT
HEKOTOPBIH onpezeneHHblid Bua. Ho nerepMuHn3M napaMmeTpuueckoi Mojiesid OrpaHUuMBaeT aHAJIN3
CIIOKHBIX cUTyanuid. MOKHO MPEIION0KUTh, 9TO MPUOIIDKEHHE METOJJaMH HeTlapaMeTPUIECKOTO
THna o0azgaet 0oJbIlei YHHBEPCAIbHOCTRIO. [Ipy 3TOM J1t0001 alropuT™M IpUOIMKEHHST QYHKITHH
JIOJDKEH COJIepKaTh AOTIOMHUTENBHY IO HHpOpManuio. [109ToMy B UHCTOM BH/IE HEMTAPaMETPHUYECKYIO
anmpoKCUMAIIMIO HAaWTH cinokHo. Hampumep, snepHas ornenka PozenOmara—Ilap3ena (Hamapas—
Barcona) comepXuT mapaMeTp pa3MbBITOCTH, KOTOPBIH YTOUHSETCS B XOAe OOIIEeTo aHanmmu3a
naHHbIX [1, c. 157-159; 2, c. 359-372].
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JlanHO# paboTON MBI MPOAOIKAEM Pa3BUTHE HOBOI'O METO/AA alIpPOKCHUMAIUU — METOoJa
CHHTYJISIpHBIX BeliBeToB [3, c. 100]. IlepBoHauanbHO METO] MCIIOIB30BANICS HAMH JUISI TIOTYYCHUS
PETPECCUOHHBIX OIIEHOK 110 IKCIEPUMEHTAIbHBIM TaHHBIM. AHAJIN3 [TOKa3aJl, YTO alllIPOKCUMAIIHIO
CHUHTYJISIPHBIMH BEHBIETaMH MOKHO MPUMEHATH AJIS OYCHb MIMPOKOTO Kpyra 3aaad. Hampumep,
MOJIy4eHo oOlee pelieHrue KpaeBoi 3anadn Juis ypaBHeHus Jlamaca myTeMm amnmpoKCHMAaIiu
IpaHUYHBIX YCIOBUIl QyHIaMEHTAIbHBIMU pelneHusMu [4, ¢. 407]. CUHTYJIIsIpHBIE BEHBIETHI MOTYT
MIPUMEHSITBCS ITPH aHAJIN3E CJI0KHO IKCIIEPUMEHTAIBLHON HHPOPMAIMH B Cllydae HeperyJIsipHOTo
PacIOIOKCHHUS y3II0B 1 Oe1HOM BBIOOPKH [ 5, ¢. 128]. B nanHO# paboTe mpuBoIuTCs 00IIIee ONMcanne
METO/a, BIEPBbIE PACCMATPHUBAIOTCSI HEOOXOAMMBIE YCJIOBHUSI CXOAMMOCTHU TIOCJIEI0BATEIbHOCTH
BeliBneT-npeodpasoanuii. I[lpuBoguTcs nmpumep MpUMEHEHHS JUCKPETHOTO BapHaHTa METOoIa
CHHI'YJSIPHOTO BeWBJIeTa IPUMEHHUTEIILHO K 3a/1a4e KOJUTabopaTuBHON (HIIBTpAIMKY (BOCCTAHOBJICHHE
MPOIYIIEHHBIX TaHHBIX).

BHauase, Ha HECTPOroM ypoBHE, MOSICHUM OTIMYHE KJIIACCHYECKOT0 BEHBIETa OT CHHTYJISIPHOTO.
ITycts w(x) — 310 Oa3ucHBIN BeiBieT [6] («MaicHbKAsT BOJIHAY, «BCILICCK»), KOTOPBIH JTOJDKCH
YAOBJIETBOPATH YCIOBHIO

[w(r)at=o. ()
B BeliBieTe BApUPYIOT 3HAYEHUS TapaMETPa MacIITa0MPOBAHKS @ M TApaMeTpa CIABUra b:
1 t-b
Ly =2 @
a a

B Teopuu BeWBIETOB pacCMaTPUBAIOT CKAISIPHOE MPOHU3BE/ICHNE IUCTBUTENLHOM QyHKIHH f(X)
1 BeHBIeT-QyHKIMH (2), KOTOPOE HAa3hIBAIOT BEHBIET-TIPEOOPa30BaAHNEM:

wrb.a) == [ fw| =2 . G)

MOo’KHO TOKa3aTh, 4TO €CIH (QYHKIHS ¥ (X) YIOBIETBOPSIET YCIOBHIO Homyctumoctu (1),
TO B ipeoOpa3zoBanuu (3) «Masblii BCIUIECK» MPUBOIUT K «MAJIICHBKOU BOJIHEY, T.€. pyHkuust Wf' (b, a)
JUTSE MaJlIX @ OyneT Omu3ka K Hyiro [6]. Eciam 0asucHBIA BEWBICT HE YIOBICTBOPSIET YCIOBHIO
JIOTTYCTUMOCTH («OOJBIION BCILIECK»), TO mpeobOpa3zoBaHue (3) MOXKET MPHUBECTH K «OOJIBIION
BOJIHEY, T.e. pyHKUMsa Wf'(b,a) MoxkeT okazaTbesi OONbLIOH. MexXIy TeM, U3MEHUB OINPEICIICHUE
MHTETPaJIbHOTO BEHBIIET-IIPE0OPa30BaHNsI, MOXKHO YCTPAHHUTH 3Ty IPOOIEMYy.

BBenewm nenpra-npeoOpazoBanue 1o Gpopmyie

Hb.a) = [ (F0)- 1w (?jdr. @

C yderom ycnoBus nomycrumoctu (1) menbra-npeoOpa3oBanue (4) coBmajgaeT ¢ BEHBIICT-
npeobpazosanueM (3). Ho ecau B npeoOpasoBanuu (4) BeIOpaTh BEHBIET, ISl KOTOPOTO
HE BBINOJHSAETCS HEOOXOIMMOE YCIOBHE J0IycTUMOCTH (1), TO «OO0JIBIION BCILIECK) MO-TIPEKHEMY
OyzeT MpUBONTD K «MaJICHBKON BOsIHEY, T.e. hyHKumst Hf (b,a) muis Majibix a Oynet OJaM3Kol K HyJIIO.
B xadecrse BeliBniera B iesbra-1peoOpa3oBaHUN MOYKHO HCIIOJIB30BaTh JICIBTO00pa3Hble (hyHKINH,
KOTOpbIE MPUMEHSIOT IIPHU sJIEPHOH olieHKe perpeccud [ 1, c. 157-159], nanpumep, BelBIETOM MOXKET
OBITH (PYHKIHMS ITIOTHOCTH CTAaHJAPTHOTO HOPMAJIBHOTO PacpeielICHH S
1 2
p(0)= exp| ——|. 6]
2z 2

Jenpra-ipeodpaszoBanus (4) ¢ sapom [aycea (5) MOKHO UCTIONB30BATh IS TOMYYCHUS yPaBHEHHS
perpeccun. Tak, eciau nHTErpaia B BhIpaXeHUH (4) 3aMEHUTHh HA IMPOMEXYTKE IIHMHBI d CyMMOM
u cuntarh npeodpazoBanue Hf (b,a) mocTaTrouHO MO BEITUUUHOM, TOTYYHM

d t—b
E;(f(l,-)—f(b))l//

=0,

Torga
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S s, )w[ bj.

f(b) == (t'_bj (6)

D

i=1
Mps1 npunu K HermapaMeTpudeckoi saepHoii onenke Hamapas—Batcona B Buzme (6), nCHonb3ys
JlenbTa-peodpazoBanne ¢ BelBiaeToM ['aycca. s smepHOH OIeHKH (6) CYIIECTBEHHO YCIOBHE
MOJIOKUTENILHOCTH SiIpa B CpetHeM. JIeHCTBUTENBHO, €CIH B KAYECTBE SACPHON (DYHKIIMU BHIOPATH
JIOITy CTUMBIH Oa3MCHBIH BEHBIIET, KOTOPHII paBeH B cpeaHeM Hyo (1), To momyduTs o1ieHKy (6) Oynet
HEBO3MOYKHO U3-3a TOTO, YTO 3HAMEHATEIh B BEIpAYKEHUH (6) 0OOpaTUTCS B HOJIB.

W3 paccMOTpEHHBIX IPIMEPOB CIIEYET, UTO siAepHask (PyHKIMS HE MOXKET ObITh BEHBIIETOM, €CITH
BBITIOJTHSIETCS yCIIOBHE JOITCTUMOCTH (1) ¥ BEHBIIET C TAKMM YCIIOBHEM HE MOJXOANT B KA4ECTBE SIICPHOH
¢ysknnu. Heobxomnva moamndukarus BeiBIeT-mpeoOpa3oBaHms, KOTOPasi MO3BOIUT MPEOIOICTh
OTpaHWYEHHs 10 BBIOOPY Oas3mca anmpoOKCHMAIMN ¥ OOBEAWHHUT TCOPHIO BEHBIETOB C SACPHBIMU
olLieHKaMu perpeccur. Ha3oBeM Takoi METOA «anmpOKCUMAIHS CHHTYIISIPHBIMU BEHBIICTAMID).

Eme oTrmeTnM, 9TO B KIIACCHYECKOH TEOPHH BEWBIIETOB PABEHCTBO ITO3BOJISAET HAWTH (DyHK-
o f'(¢), ecin Ham U3BECTHO BeliBneT-npeodpazosanue Wf (b,a), c momolibo GopmyIibl 00paTHOTO

BEHBIIET-TIPEOOpa3OBAHHIS:
! [O b, a)l//( jdbda

a

J@)=

QIH

0

rIe

el
ZﬁI—d
0 u
Y (u) — npeobpazoBanue Oypbe CTaHAAPTHOTO BelBIeTa W (f), yIOBISTBOPSIONIEro yCioBuio (1).
OcHoBHast YacTh
ANnpoxkcuManusi CHHTYJISIpHBIMH BeiiBjieTaMu. Bynem cuuTarh, 4TO B JaHHOM pasjieie
GasucHbIil BeliBieT W (f) mpuHamiexut L? u ycmosue (1) He sBisercs o0s3aTenbHBIM. BBemem
HEOOXOIMMBIE ONIPEACITCHHUSL.
Byznem roBoputs, 4To 171t yHKIME ¥ (¢) BBIIOIHSIETCSI yCIOBHE YObIBAaHMSI HA OECKOHEYHOCTH, ECITN

o)< re>0. ()

3ameuanue. 13 nepasenctsa (9) ciaexyer, 4To MHTErpays oT GYyHKUHUH Y (f) CXOIHUTCS
abcomtoTHO, W (¢) npuHamiekar L' u npeodpazopanue Oypbe QyHKUNH W (¢) ABISETCS HEMPEPHIBHO
muddepenunpyemoit GpyHKIHEH.

Omnpenenum BeliBner-npeodpazoanue GyHkuuu f(z):

e = | w2

Omnpenenum aensra-npeodpazoBanus GyHkiuu f(¢):

175 t-b
Hb.a)=—[ (/- 1By ( jdt ®)
Onpenenenue 1. ba3ucHslil BEeHBIET HA3BIBACTCS CHHTYIISIPHBIM, €CITH
[w(r)de=1. )

Ecnu BeliBneT cHHTYISIpHBIH, TO JenbTa peodpa3oBanue (8) paBHO pa3HHUIC MEXKTY BEHBIIET-
npeoOpazoBanuem ¢yHkuuu u camou dyukuueit: Hf (b,a)=—f(b)+Wf(b,a). Ecnu nus
BEHBIIETa BBIITOJHEHO YCIOBUE AOMYCTHMOCTH (1), mempra-mpeoOpa3oBaHre COBIAIACT C BEHBIIET-
npeobpazosanuem: Hf (b,a) =Wf(b,a).

O6o3nauum P(x),G(x),¥(x) — npeobpazoBanue Dypwe ans byukuuii f(t), g(t) u w(t)
COOTBETCTBEHHO, HAIIPUMED:

Pomanuax B. M., /Ianno I1. M. AnnpoxcuManust SKCIIEPTHBIX OLICHOK CUHTYIIpHBIMH BeiiBineramu (C. 132-139)
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¥(x)= (t)e™dt.

;T
\/ﬂfwl//

Teopema 1. Ilycmo W — bazucHulil getigniem, 05t KOMOPO2O 8bINOJIHACMCSL YCA08UE OONYCIUMOCTIU

Z”T (¥(-u) —‘P(O))‘P(u) Py j (‘W (u)—P(0)) ¥ (-u) = (10)
u u
20e C — KoHeunast nocmosinnasi, mo2oa ons écex fu g uz L’
j j HFf (b,a)Wg (b, a)—dbda =C(f,2), (11
s0eco (f,8)= j S(Og0r.
Jokasa TenbctBo. Ha ocHoBammm (8) MOXHO 3amucaTh
Hf b.)==S-f6)+ | 10w (L}#, (12)
a:-, a

me (f,9) = [ f()g()dt.

DYHKITUIO f (b) B (12) BBIpa3uM Yepe3 obpatHOe mpeoOpazoBanue Pypre, a Wit QYHKIUNA O]
3HAaKOM MHTeTpaja mpuMeHuM paBeHcTBo [lapceBans (a > 0):

Hf (b,a) = — P dx + T F(x)¥ (—ax)e ™ dx. (13)

S o0
— | F(x)e
N27 _‘[,
S
IMockonbky ¥(0) = F, BeIpakeHue (13) MOXKHO 3amucaTh B BUzIE
4
L
N27

Jlns BeiiBneT-npeodpasoBanus GpyHKIMUA g(X) aHAJIOTUYHO:

Hf (b,a) = ﬁ J. F(x) (W (—ax)-¥(0))e dx. (14)

1 1% ,
—Wg(b,a)=—— | GOY¥ (-ay)e ™ dy.
\/EWg( ,a) \/EL (VY (-ay)e™dy (15)

B nipaBoii 4acTy BEIpaKeHUI 1 HaX0ITcs ipeodpasoBanst ypbe 11st pyHkumii F(x) (‘P(—ax) - ‘{’(0))
u G(y)¥(—ay). llpounrerpupyem 1o rnepeMeHHoi b npoussenenue BoipaxkeHuit (14), (15)
M IPUMEHUM paBeHCTBO [lapceBas:

T Hf (b,a)Wg(b,a)db = 2;;T F(x) (W (—ax)- ¥ (0)) G(-x)¥ (ax)dx. (16)

da

YMHOXHMM Ternepb BeIpakeHHe (16) Ha — W mpomHTerpupyeM Ha mpomexyTke [0,00], a 3aTem
a

IpUMEHUM paBeHcTBo IlapceBas:

5 g By E
2 ! — L F(x)(%¥ (~ax) - ¥ (0)) G(~x)¥ (ax) dx = C L F(x)G(~x)dx = c_jw f(Het)dt,
rae

lI’( ax) — ‘I’(O)) ‘I‘(ax)

czj
a

Yro6st C Gbla KOHCTAHTHOI, Heo6xozmMo 4TOGBI BEITIOTHAIOCH YCIOBHE
(W(—ax)—-¥(0)) ‘I’(ax) Con T (W(ax)—¥(0))¥(-ax) J
a

czj
a

0 a

(B IPOTHBHOM CITy4ae C OyreT 3aBUCETh OT 3HaKa X), U3 KOTOPOTO CleyeT ycaoBue gomyctamoctd (10).
OTMeTHM J1Ba BaKHBIX CITy4as, KOTOPBIE YIIPOIIAIOT BHIOOP Oa3MCHOTO BEHBIIETA.

Ingpapmameika, gvinivanvrnaa mixunika i kipasanne (bazvl 0adzenvix)
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1. Ecnu dynxuus w(u) vernas, w(u)e L', uy(u)e L, To W(u) deTHas, HEmpepbIBHO
nuddepertmpyemas 1 Toraa ycioBue nonycmMocm (10) Bemonnsiercs. [Tocrosuuas C B 3TOM citydae:
(P(w)- ‘P(O))‘P(u)

u

2. Ecmu dyHkmms y (u) HedeTHas U ‘I’(O) =0,yw)e’, uyu)e L, o V(u)¥(-u)= |‘I’(u)|2

4eTHast, HenpepbiBHO auddepennupyemas u ycinosue qomyctumoctd (10) BBITONHSETCSE:

()I

czj

Czj|

Teopema 2. [lycmo W — 6a3uCHbLIl CUHSYAAPHDLIL 6eTi6lLent, Ol KOMOPO20 BbINONHACNCA YCLOBUe
o o 2
oonycmumocmu (10), mozda ons n0601 Henpepbleﬂou 6 mouke t pynkyuu f(t) us L' (R):

o=+ j j Hf (b, a)y/( jdbda (17)

JlokaszarebCTBO JJAHHON TEOPEMbI COBIIAIAET C IOKA3ATEIbCTBOM JJIsl CTAHIApPTHOTO BEWBIETa
[6, c. 114]. locTaTtouHO B KauecTBe (GyHKIIUH g(f) B BEIOPATh A€TBTO00Pa3HYIO (DYHKIIHIO, HATIPUMED
¢dynkmio [aycca (5), u nepeiitu k npexaeny mpu a — 0.

Teopema 3. ITycmo gyrxyus f(t) u y(t) npunaorexcum L, mozoa denoma-npeodpaszosanue
Hf (a,b) maxoce npunaonescum npocmpancmey L, 0as aw6oeo @urcuposannozo a > 0.
JeticmeumenvHo,

Ilfﬂib a)|db = I flf(ﬂ 1) [f bj}hdb—
<—ij@|

Lo () )

Teopema 4. Ilycmov f(x) npunaonexcum npocmpancmsy L, u y(x) yoosremeopsem
ycnosuio yovieanus na beckoneynocmu (7) u ycaroguito cuneyasipuocmu (9). Toeda 6 kasicoot mouxe
nenpepulernocmu yuxyuu  f(x)

lim [ j fbyw [ Jde—) 1.
a—0,a>0 a

Jannas Teopema B [7, ¢. 346] noka3aHa IJisl CYIIECTBCHHO OoJiee 00MIero ciyyvast.

CnencrBue. I[lycte GyHKIMS f(f) TPUHAUISKUT NPOCTpaHCTBY L, W y(f) ymoBieTBopsieT
ycIoBUIO yObIBaHMs HAa OeckoHeuHOCTH (7) 1 ycioBHIo cHHTYsipHOCTH (9). Torna B Kaxaoit Touke
HenpepbiBHOCTH GyHKunu f(¢) Bemonnsiercs: Hf (a,t) — 0, npu a > 0, a > 0.

Omnpenenenne 2. [TocnenoBarenbHOCTHIO JA€NbTa-NPeoOpa3oBaHuii Oy/ieM Ha3bIBaTh PEKYPPEHT-
HYIO [TOCIICIOBATEIBHOCTD It PYHKIUU f(¢) C CHHTYJISAPHBIM BeUBICTOM W/ (f):

FY(t)=-HF""(t,a,), (18)
rne F°(t)= f(t), k — nomep npeoGpasosanus, a, =0, a, >0, k=1,..,K

Teopema 5. Ilycmov ¢ynkyuu f(x) u w(x) unenpepovienvr 6 mouxe x u ynkyus f(x)
npunaonexcum L, w(x) yooenemeopsem yciosuio yovieanus Ha beckoneunocmu (7) u ycaosuw
cuneynsipnocmu (9), mozoa 0ns 110601 nociedosamenvHocmu denvma-npeoopazosanutl (18) nonyuum

f(x) =fWFk(x,ak)+F"(x), (19)

dtdb +— j j| F®)|lw

—00 —00

didb <2| /] |1,

20e F*(t) — nocredosamenvrocmo denvma-npeobpazosanuii, F* () —ocmamounwiii unen, komopoiil
MODICHO cOeNamy CKONb Y200HO MATbIM, 6b100poM a,. , . ITosicnum dokazamenbcmeo meopemvt Onia K = 2.
Buvinuwem 06a unena nocneoosamenvrocmu (18):

Fu)fw»—{F%)(

sz (20)

a,

F*(x)=F'(x)—— jF(t)( Jdt. Q1)
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CyMMupYsI paBeHCTBa (20) (21), momyunm
S =— j OTE

dt+—.|.F(t) —= \dt+ F*(x).

I —0 a]
OynKIms W (x) TPHHAIESKUT Kiaccy L', TOCKOMBKY JUIA Hee BHIMONHAETCS YCIOBHE yOBIBAHHSA
Ha Geckoneunoctd (7). f(x) npuHamiexut kmaccy L' 110 yenosmio Teopemsl. Torna gpynkus F' (x)
NPUHAIICKHT Kiaccy L, ¥ HempepblBHA B TOYKE X HA OCHOBAaHHH TEOPEMBI 3, ClieIOBATEIbHO,
u F?(x) m3k1acca L' HempephIBHA, €€ MOJKHO CIENATh CKOJb YTOIHO MAJIOH B TOUKE X Ha OCHOBAHUH
cieicTBHA U3 TeopeMsl 4. 1 TPOM3BOIBHOTO KOHEYHOTO K JTOKa3bIBACTCS aHAJIOTUIHO.

JuckpeTHoe AeabTa-npeodpa3oBaHue. PaccMOTpuM anropuT™ KoIadopaTHBHOHN (PHITBTPAIIH
[8, c. 27] ¢ mpuMeHeHHeM AUCKPETHOTO JIenbTa-peodpasoBanus. KommaboparuBHas QuisTpanus
MI03BOJISIET IPEJICKA3aTh, KAKOH MPOIYKT IIOHPABHUTCS ITOJIH30BATEITI0, UMES HEMIOJIHYI0 HH(OPMAIIHIO
0 €ro HpeNnOYTCHUSX.

IIpumep. [lonmycTuM, y HaC MMeETCS MaTpPHUIA OLEHOK M, BHICTaBJICHHBIX IOJIb30BATEISIMUA
pa3nuuHbIM MpogykTaM. CTPOKH MaTpHUIBl COOTBETCTBYIOT IOJIB30BATENSIM, CTOIOIBI MAaTPHIBI —
npoaykraM. He Bce »i1eMeHTbI MaTpHIIbI 3aTI0JTHEHBI — MMEIOTCs porycky. HeoOxommmo mpeickasars,
KaKne M3 MPOAYKTOB OyAyT BOCTpEeOOBAHEI MOJIB30BATEISIMU. B OCHOBE airopuTMa JEXHUT
MIPEIIIOIOKEHHE, YTO peabHbIC TAOIHUIIBI COACPKAT IMMOXOXKHE MEXITy co00i OOBEKTHI (CTPOKH H
ctonO1pl). Ecnu ske M30BITOYHOCTE OTCYTCTBYET (Kak, HalpuMep, B TAaONHIlE CITydaifHbIX YHCEN),
TO MPEATIOYECTb OJIFH POTHO3 IPYroMy HeBO3MOkHO. Hartia 3a1aua anmpokcuMupoBath (GyHkiwio U Byx
nepeMeHHbIX X U Y, Kaykaast U3 IEpEMEHHBIX KOTOPOH SIBIISIETCSI, B CBOIO OYEpeE/lb, BEKTOPOM. PaccTosiHue
MEXy 00BbEKTaMH MOKET OBITh ITPOCTO EBKJINIOBBIM, €CJIM BCE JAHHBIE N3MEPEHBI B a0COTIOTHOH HIKaJIe
WITH MOYKHO HCTIONB30BaTh KO3 GUIMEHT Koppessiiiy [TupcoHa st KaIbl HHTEpBAIOB.

Ilycts M —matpuua pasmepa nxk, m, ; —snement matpuusl M. He Bee anemenTsr Matpuust M
HaM H3BECTHBI. Marpnue M nocraBuM B COOTBETCTBME MHOXECTBO TOYCK Z; NPOCTPAHCTBA Z
Takux, 9t0 Z, =(X,,Y,), rne X; — ctpoka ¢ Homepom i matpuust M, Y; — CT0n6eu C HOMEpPOM j
MaTtpunsl M, i= 1,...,1, j=1..,J. Bynem cuurarts m, 3Ha‘ICHI/IeM byHKIIHIN M(ZU)
Tornma ¢yukuust F(Z) onpezaeneHa B Toukax o0iacté D, KOTOPOil COOTBETCTBYET MHOMXECTBO
U3BECTHBIX 2JIeMEHTOB MaTpullbl M. Kpome Toro, kaxioi nape touex Z,,Z,, IOCTaBUM
B COOTBETCTBHE PACCTOSIHUE MEXLy HUMH 110 hopmyIie

2 2
d(Z,,Z,)= Z(m[,b _mi,d) +Z(ma,j _mc,j) > (22)
0] W)
rjie (i) 03Ha4aeT CyMMUPOBAHHUE 110 BceM I = 1, ..., [, 171 KOTOPBIX ONpeJIesieHa pa3HoCTb M, , — M, ,,
(/) o3HAUaeT CyMMHpOBaHHe 10 BceM j = 1, ..., J, JUIsl KOTOPBIX OMpe/eeHa pasHoCTb m, , —m,, ;.

B kadecrtBe 6a3ucHoro BeiiBiera Obiia BoIOpaHa GpyHKIUS
1

1+ x?

w(x)=

Aneopumm annpoxcumayuu CUHSYIAPHLIMU 8eU8TEeMAMU.
1. IlprcBanBaem 3HaueHUs KOG PHULIMEHTAM BeiiBlIeTa HYJIEBOTO MOPSIIKA!
0 —_—
W, =m,

0
rae W, —HavanbHOE 3HAYCHHE JIeIbTa-IpeoOpasoBanst, B obnactu onpeaenenns D Gpyrkumn F(Z,);

m, ;. — 3aJJaHHbII SJIEMEHT MaTpULbl M; Z, — TOUKa, KOTOpast IPHUHAICKUT 00nactu D.

2. Beraucnsem ko3 puitnerTs! qensra-npeoodpazoBanns 10 K-ro mopsika:

Sy s
k k-1 _ ab k
W= Wi,.il -
d(Z,Z,

ZV/ Y,

ab qk
3nech W — 3HaUCHUE KOB(l)(l)I/IHI/IeHTOB k—ro I[CJ'IBTa—Hp€06pa3OBaHI/I$I B TOUKE Z,; NPOCTpaHcTBa D,
i=1, I] I k= LK, a= L1 b= oJ,q =a2™ —HOCTOHHHaS[.

3 BOCCTaHaBJ‘II/IBaCM q)yHKHI/IIO F (Z ) BO BCEX TOYKax 00JacTu:
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Z Wk/;‘// ( d(ZabZ[L j

LS ab qk
F(Z)=3,
k=0

dZ,Z,
|
ab qk
rne F(Z;) — 3HaueHue anmpokcuMHpyouel GpyHKuMu B To4Ke Z; npocrtpauctsaZ, i =1, ..., 1,
j=1,...,J. Hapany c MeTooM CHHTYJSIPHOTO BeiiBiieTa JaHHbBIE ObIIIM BOCCTAHOBIICHBI M METOJIOM

OmKafIInX cocenei.

Aneopumm memooa orudicaviwux cocedeti. [ KaXXI0TO HEU3BECTHOTO IEMEHTa HAXOIMIICS
OMDKANIINI IEMEHT 0 CTPOKE U IO CTOJOIY B CMBICIE PAacCTOSHUA (22), MOCIe Yero Mmpomyck
3aMOTHSIICS 3HAYCHUEM, KOTOPO€ MHHHMH3UPYET CYMMY PAacCTOSHUN M0 ONMmkailmieid CTpoKH
u ctonbua. Oba anropuTMa TECTUPOBAINCH HA PEANbHBIX HAHHBIX. Pe3ynbTaThl THIIHYHOU
aTMPOKCUMAIINY TIPECTaBICHBI B Tabmume 1. Tabnuia HabmroneHnid OblIa OMHOCTHIO 3aIl0THEHA
OTBeTaMH MHTEPBBIOCPOB. CTpoka TaOmuIBl 1| — 3TO OTBETH OJHOIO HMHTEPBBIOEpA, CTOIOEI]
TaOIHITBI | — OI[CHKA BAYKHOCTH Pa3IMYHBIX N3y4aeMbIX TUCIUILTHH. J{anee, 4acTh TaHHBIX CYNTAIACH
HEM3BECTHOW U BOCCTAHABIIMBAJIACH C TOMOIIBIO METO/Ia CHHTYIISIPHBIX BEHBIICTOB U JUISI CPABHCHHUS —
10 METOIy ONKANIIINX COCECH.

Tabnuma 1 — Pe3ynprar anmpokcuManiuy JaHHBIX C IPOITyCKaMH

(4,5) 5 (4.8) 5 3 2 2 3 5
5 (4,0) 5 (5,0) 1 3 2 2 5
5 3 (2,7) 4 (4,0) 4 1 1 5
4 5 5 (3,6) 1 (4,7) 3 4 3
5 5 3 4 2,1)3(2,2) 1 4
5 5 5 3 2 (2,9) 4 (2,3) 4
5 5 4 4 2,41 (2,6) 3 (42)4(42)
4 4 4 3 2 2,53 (2,1) 5
5 5 3 5 2 1 (4,3)5 (4,7)

B Tabnume | mpuBeneHs! HaOr01aeMbIe OTBETHI HHTEPBBIOCPOB, B CKOOKAX — PE3yNIbTATHI
ANTPOKCUMAITNH CHHTYJISIPHBIME BEHWBJIETaMH (CJIeBa) M METOIOM ONMKaWImMX coceneil (cmpasa)
COOTBETCTBEHHO.

BeiBoabl. B paboTe nmpuBoasTCS ONpeAesieHHs U TEOpeMBbl, KOTOPbIe yCTAaHABIMUBAIOT
(yHIaMeHTaIbHbBIE CBOMCTBA CHHTYIISIPHBIX BEHBIIECTOB, YTO Ia€T BOZMOXKHOCTB HCIIOJIb30BATh TAHHBIH
BapHaHT alIPOKCHUMALUH [TPU PEIICHUH NMPUKIAJHBIX 33/1a4. PaccMOTpeH alropuT™M JUCKPETHOTO
BapHaHTa alllIPOKCHMAIIMU METOAOM CHHTYJIAPHOTO BEHBIIETa, KOTOPBIH MOXHO IPUMEHSTH B 3a1a4ax
aHaNM3a JaHHBIX C MIPOITyCKaMHU. [IpuBeIeHbI pe3ynbTaThl pacyeToB Ha KOMIIBIOTEPE.
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Approximation by singular wavelets
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Abstract. In work the algorithm of approximation by singular wavelet, which can be used for the computer analysis
of difficult mathematical models is considered. Feature of algorithm is join of a wavelet based method analysis
of'signals and kernel estimates like Parzen—Rosenblatt (Nadaraya—Watson). In the introduction classical wavelet
analysis and kernel estimates are considered. It is noted that in the classical theory of wavelet it is impossible
to use kernel functions, and basic wavelet cannot be chosen for the purpose of receiving nuclear estimates
of regression. It is formulated that the aim of the research is overcoming of restriction on the choice of basis of
approximation and join of kernel estimation theory methods with the theory of basic wavelet, studying of the
common properties of approximation by singular basic wavelet and development of algorithms of approximation
of functions. In the main part of work it is proved that for singular basic wavelet the analog of equality of Parseval
takes place. This result allows to use kernel functions as a basic of wavelet. In the main part the concept of
sequence of singular transformations which is convenient for applying at function approximation by singular
basic wavelet is entered. The sequence of singular transformations gives the chance to present the continuous
function in the row sum from singular basic wavelet (“small waves”). Using various number of terms of a row
from singular basic wavelet, we can receive various extent of smoothing of function or, if necessary, interpolate
the experimental of data. Convergence of sequence of basic wavelet transformations is proved. The example
of application of an expansion in a series on singular basic wavelet for a discrete case is given. In the conclusion
it is noted that in work theoretical justification and numerical results which confirm a possibility of application
of approximation with singular basic wavelet to a wide range of applied tasks are received.

Keywords: wavelet transform, Parzen—Rosenblatt density estimator, kernel estimators, Nadaraya—Watson
regression estimators, wavelet.
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