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Abstract—The technique for multifrequency diagnostics of a vibrational nonequilibrium gas mixture that 
contains CO2 molecules is proposed. The technique uses data on unsaturated gains at lines of the 0001
[1000, 0200]I, II and 0002-[1001, 0201]I, II transitions obtained with the help of a tunable CO2 laser. Results of 
the study of the influence of accuracy of gain measurements and the number of sensing lines on errors in 
determining populations of vibrational levels and gas mixture translational temperatures are presented.
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INTRODUCTION
Vibrational nonequilibrium gas mixtures as mono- 

molecular gases or their mixtures refer to substances 
being under conditions of failure of the law of homo
geneous energy distribution over translational or inner 
vibrational and rotational degrees of freedom. Under 
such conditions in nonequilibrium media, the energy 
exchange between different degrees of freedom pro
ceeds, which influences physical processes in them, in 
particular, parameters of generation of nonequilib
rium structures. As a consequence, corresponding prop
erties of nonequilibrium and equilibrium gas media dif
fer; therefore, these media are objects of various studies 
(see, for example, [1, 2]). Active media of gas-discharge 
and gas-dynamic CO2 lasers [3—6] include such media, 
as well as media generated in the upper atmospheric lay
ers of the Earth and other planets, during shock wave 
propagation in the atmosphere, or during intensive 
burning of hydrocarbon fuels [7,8].

The diagnostics of vibrational nonequilibrium gas 
media is performed by different methods, having dif
ferent capabilities and application conditions (see, 
e.g., [9, 10]). The method of laser spectrograph with 
the use of a frequency-stabilized tunable CO2 laser as 
a source of sensing radiation is the most adequate and 
convenient for diagnostics of both equilibrium and 
nonequilibrium gas media containing CO2 molecules 
[11-14].

The technique for multifrequency sensing of vibra
tional nonequilibrium mixture containing CO2 mole
cules is described in this paper. It is based on the use of 
tunable CO2 laser measurements of unsaturated gains 

at lines of the 0001-[1000,0200]I,II and 0002- 
[1001,0201]I,II transitions of CO2 molecules. Results 
of the study of the influence of measurement accuracy 
of gains and the number of sensing lines on errors in 
determination of populations of the used vibrational 
levels and translational temperature of the gas mixture 
are also presented.

DIAGNOSTICS TECHNIQUE
An expression for the unsaturated gain at the line 

center of 0001-[1000,0200]I,II or 0002-[1001,0201]I,II 

transitions of CO2 molecules in a vibrational nonequi
librium gas mixture containing CO2 molecules can be 
written as [11]:

p. = O',2' j ^' 2̂hcBm
K 1i,2i — „ A1i,2iC1i,2i , „8n kT

x N exp NnU2 (1)
I L kT J Bm

T /Т i\hcB«1, n2 I 7-.x exp -Jl,2i(Ju,2i + 1) , fFU2i,_ kT JJ

where index 1 relates to the 0001-1000 or 0002-1001 
transition, index 2, to 0001-0200 or 0002-0201 transi
tion, m, to the upper laser level, and n, to the lower one; 
X01i,2i is the wavelength at the line center [15]; A1i 2i is 
the Einstein coefficient [15]; F1;-, 2i is the form factor at 
the center of the ith line; J1i, 2i is the rotational quan
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tum number; C1'i,2i = 2J1i,2i -1, C1'i',2i = J1i,2i(J1i,2i -1) 

for lines of P-branches; Ci,2i = 2J1i,2i + 3, C1'2i = 
(J1i,2i +1)(J1i,2i + 2) for lines of R-branches; 
B001 = 0.3871 cm-1, B100 = 0.3902 cm-1, B020 = 
0.3905 cm-1 are the rotational constants [16]; c is the 
speed of light; h is Planck's constant; and k is Boltz
mann's constant.

The pressure of nonequilibrium gas media can lie 
in a range from units of Torr to atmospheric pressure, 
and the contributions of the Doppler effect and colli
sion processes into the spectral line broadening can 
differ for different pressures in this range. The use of 
the expression for the form factor at the center of line 
of a mixed or Voigt profile, taking into account contri
butions from both effects, seems to be the most opti
mal. The expression for the form factor at the center of 
Voigt profile F1i,2i has the form [17]:

(2)

where x1i2i = (Av L1i,2il Av Dlz,2i)(ln2)V2, Av L1i2 = 
Yu,^ + Cn&N2 + СнеЛне) Ps(300/ T)1/2 is the colli
sional (Lorentz) line width [18], CNi and CHei are the 
relative coefficients of collisional broadening of the 
ith line by N2 molecules and He atoms [19], Yu, 2i is 
the coefficient of collisional broadening of the ith 
line [15], p2 is the total gas pressure, %CO, %n2 , and 
S,He are the fractions of CO2, N2, and He in the gas 
mixture, T is the translational gas temperature; 
Avd1;-2;- = (v0K2ilc)(kTX-qA/Mco^2 is the Doppler 
line width, v01i, 2i is the central frequency of the ith 
line [15], MCO is the mass of CO2 molecule; 
a = n^2/2; b = (n - 2)/2; q = 2.

If the gains for a vibrational nonequilibrium 
medium are measured, then the gas temperature T and 
populations of vibrational levels Nm and Nn1, Nn2 
remain unknown in Eq. (1). The connection between 
the sought parameters {Nn1,Nn2, Nm, T} and gain 
{k1i, k2i} measurements at lines of both transitions is 
defined by the redundant system of equations

\kli = K1i(Nn1, Nm,T) (3)
\k2i = K2i(Nn2, Nm,T),

where k1i and k2i are the results of the ith gain measure
ment at lines of both transitions. Let us note the differ
ence between diagnostics of vibrational equilibrium 
and vibrational nonequilibrium gas mixtures contain
ing CO2 molecules. In the first case, the inverse prob
lem is solved, when based on the measured spectral 
distribution of laser radiation absorption coefficients, 
two sought parameters are determined simulta
neously: the gas mixture temperature T and partial 

pressure CO2 pCO . In the second case, based on the 
measured spectral distributions of the laser radiation 
gains, four parameters are determined simultaneously: 
gas mixture temperature T, populations of the upper 
Nm and two lower vibrational levels Nn1 and Nn2 of the 
considered transitions. System of equations (3) can be 
solved by the least squares method, through minimiza
tion of the functional

SS

Z = £ W1i(k1i - K1i)2 + £ W2i(k2i - K ) , (4)
i=1i=1

where w1i and w2i are the weight coefficients.
At any set temperature T, system of linear equa

tions

-N„1H1 + NmH2 = H3,
« -N„2H4 + NmH5 = H6, (5)
-N„1H7 - N„2H8 + NmH9 = H10

(where coefficients H1-H10 are represented through 
parameters entering in Eqs. (1) and (2), and are omit
ted here because of their awkwardness) corresponds to 

conditions = 0, = 0, = 0.
dN„1 dN„2 dNm

The calculation algorithm is the following: system 
of equations (5) is solved at certain minimal tempera
ture Tmin and functional Z (4) minimal for the given 
temperature is calculated on the basis of the found val
ues of level populations (Nn1,Nn2, Nm); then the tem
perature T is varied in the set temperature range Tmin- 
Tma}l, and the minimal functional Z is found for this 
range. For the first iteration, the weight coefficients 
are taken equal to unity, i.e., w11i =1 and w12i =1, and for 
the (j+1)th step [20],

j +1 w1i

j +1w2i =

_________1_________
[к. - K1N1, NJm T)] 2’

_________ 1_________
[k2i - K <\, , NJm ,T )] 2

(6)

The use of the weight coefficients allows us to 
decrease the influence of gains measured with a high 
error on the accuracy of the final result.

CALCULATION RESULTS
In order to analyze capabilities of the suggested 

technique for multifrequency sensing, the model of 
vibrational nonequilibrium gas mixture CO2 : N2 : 
He= 5 : 10 : 85 at a total pressure of 80 Torr was used. 
For that mixture, an arbitrary value of the translational 
temperature T=360K and three sets of populations 
of the vibrational levels 0001 Nm = (7.82 x 1021 m-3, 
1.6 x 1022 m-3, and 2.04 x 1022m-3), 1000
Nn1=1.7x1021m-3, and 0200 Nn2=2.11x1021m-3
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Relative errors of populations of vibrational levels SNn1, SNn2, and SNm and of gas mixture temperature ST for different 
degrees of vibrational nonequilibrium and the standard deviation of gain стк = 0.02 m-1

Parameter
Nm = 7.82 x 1021,
Nn1 = 1.7 x 1021, 

Nn2 =2.11x 1021, m-3

Nm =1.6x 1022,
Nn1 =1.7x 1021, 

Nn2 =2.11x 1021, m-3

Nm =2.04x 1022,
Nn1 =1.7x 1021, 

Nn2 =2.11x 1021, m-3

SNn1, % 3.50 7.5 3.3

SNn2, % 3.30 5.1 1.0

SNm, % 3.30 3.5 2.7

ST, % 0.01 0.1 0.1

were determined, corresponding to different degrees 
of the vibrational nonequilibrium in the mixture 
(Table). The gains were calculated by Eqs. (1) and (2). 
Due to superimposition of Gaussian noise on the cal
culated gains with the help of the normrnd function 
(from MatlabR12 software), experimental gains 
{k1i, k2i} have been formed. The noise level was calcu
lated in percentages of a minimal gain in the consid
ered spectral region (J = 6-34) and was taken to be 
equal to 3%, which approximately corresponded to 
the standard deviation ok = 0.02 m-1.

The standard deviations of the sought parameters 
стN, стN , ®Nm, were calculated through calcula
tions of covariance matrices [20, 21]. In our case, it 

was a 4 x 4 matrix with diagonal elements ct1 2v„, , aN„,, 
CTN„, aT - In the general case, the connection between 
covariance matrices of directly {k1i, k2i} and indirectly

1
80

Fig. 1. Standard deviation <3vm of the population of 0001 
level as a function of the number of sensing lines n for 
CTk = 0.02 m-1 at the use of gains at lines of P- and R- 
branches of one transition 0001-1000 (1) and both transi
tions 0001-1000 and 0001-0200 (2).
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{vn1,vn2,vm,T} measured parameters can be written 
in the form

COV = (btCOVk-1b)-1, (7)

where b is the matrix with elements bij = ^K1‘'ъ (j = 1- 

дУ j
4; У1 = Nni, У 2 = Nn2, Уз = Nm, У4 = T) at the point of 
quasi-solution; bt is the transposed matrix b. With 
direct noncorrelated measurements of gains {k1i,k2i} 
with the standard deviation стк, expression (7) takes 
the form

COV = vk(bTb)-\ (8)
Expression (8) connects the standard deviations of 

the required parameters &N, &N, &N, ctt with those 
of input data, i.e., measured gains, стк. Figure 1 shows 
dependencies of the standard deviations стN of popu
lation of the upper level 0001 on the number of sensing 
lines n for стк = 0.02 m-1. Similar dependencies are 
determined for the standard deviations стNn2 and CTNnl 

of populations of the lower levels 0200 and1000, 
respectively, and standard deviation for the tempera
ture ctt. It is seen that the method accuracy grows as 
the number of sensing lines increases and in the case of 
simultaneous use of sensing lines of both vibrational 
transitions 0001-[1000, 0200]I,II. The number of lines 
no less than 30 is optimal.

The table shows relative errors of the desired 
parameters SNn1, SNn2, SNm, and ST, found immedi
ately from solution of the inverse problem when the 
level populations and temperature have been found by 
the above-described technique. In calculations, gains 
of 60 lines of the 0001-[1000, 0200]I,II transitions were 
used. The calculation results presented in the Table 
show that the accuracy is almost unchangeable within 
the considered region of nonequilibrium populations 
of the vibrational levels 0001, 1000, and 0200.
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(a)

(b)

Fig. 2. Dependencies of log(Z) on the populations of vibra
tional levels 0001 Nm and 1000 Nn1 at the standard devia
tion of gain measurements CTk = 0.02 m-1: 
(a)Nm/Nn1 =10 and (b) Nm/Nn1 = 200.

5

5

Fig. 3. Dependencies of log(Z) on the populations of 
vibrational levels 0001 Nm and 1000 Nn1 at 60 sensing lines 
and the standard deviations of gain measurement 
(a)ctk=0.007m-1 and (b) ctk=0.07m-1.

Evidently, system of equations (5), provided it has a 
solution, corresponds to the presence of a global min
imum of functional Z (4). The graphical plotting of Z 
is a simple and informative way of finding the global 
minimum when analyzing the influence of different 
experimental conditions, for example, gain measure
ment errors. To visualize Z, we used a set of 60 gains for 
lines of primary vibrational transitions 0001
[1000, 0200]I, II of CO2. Figure 2 shows dependencies 
of the functional log(Z) on populations of the vibra
tional levels 0001 Nm and 1000 Nn1 at the standard devi
ation of gain measurement ok = 0.02 m-1 for 
Nm /Nn1 =10 and Nm/Nn1 =200. It is seen that at the 
inversion, exceeding a certain value, the global mini
mum of Z is transformed into the cavity (Fig. 2b), and 
the population of the lower vibrational level 1000 of 
CO2 cannot be found correctly. When considering the 
dependence of the functional log(Z) on the population 
of vibrational levels 0001 Nm and 0200 Nn2, a similar 
result is obtained.

Smearing of the global minimum of the functional Z 
also takes place at an increase in the standard deviation 
of gain measurements (Fig. 3).

Based on data of Fig. 1, the conclusion can be 
drawn that calculation results are the most accurate in 
the case where the gain of P- and R-branches of both 

vibrational transitions 0001-[1000, 0200]I,II or 0002
[1001, 0201]I,II are used.

Thus, the technique for multifrequency laser diag
nostics of the vibrational nonequilibrium gas mixture 
containing CO2 molecules allows us to determine with 
high accuracy not only the population of upper level 
Nm (SNm < 4%) and the temperature T(ST< 1%), but 
also the population of the lower levels Nn1 
(SNn1 < 8%), Nn2 (SNn2 < 6%) in the case of simulta
neous use of gains of lines of the vibrational transition 
0001-[1000, 0200]I,II or 0002-[1001, 0201]I,II, when 
the input data (gain) accuracy meets the condition 
стк = 0.03kmin, where kmin is the minimally measured 
gain.

The developed technique for multifrequency diag
nostics of vibrational nonequilibrium gas mixture con
taining CO2 molecules was also applied to the analysis 
of actual experimental data, i.e., results of measure
ments of unsaturated gains in the active medium of a 
transversely excited CO2 laser at a pressure of 80 Torr 
at lines of P- and R-branches of primary laser transi
tions 0001-[1000, 0200]I,II and transitions of the first 
sequential band 0002-[1001, 0201]I,II [22]. From the 
data presented in [22], the 10P(12), 10P(20), 9P(18), 
9P(22), 9R(10), 9R(12), 9R(18), and 9R(24) lines of 
the 0001-[1000, 0200]I,II transitions and 10P(15), 
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10P(25), 10R(31), and 9R(17) lines of the 0002- 
[1001,0201]I,II transitions with measured abnormal 
gains were excluded, as well as 10P(14), 10P(18), 
10P(28), 10P(34), 9P(10), 9R(14), 9R(30), and 
9R(32) lines of the 0001-[1000,0200]I,II transitions, 
which are overlapped with lines of hot 1110-0111, 
0310-0111 transitions (see, e.g., [13]). We have calcu
lated the translational temperature of the active 
medium and populations of laser vibrational levels 
0001, 1000, 0200, 0002, 1001, and 0201:

T =(366.8±0.3)K,
N001 = (1.816 ± 0.01) x 1022 m-3,

N020 = (2.087 ± 0.07) x 1021 m-3,

N100=(1.817±0.06) x 1021m-3;

T =(364.6±1.1)K,
N002 =(4.529±0.03) x 1021m-3,

N021 =(3.359±0.04) x 1020m-3,

N101=(2.348±0.03) x 1020m-3.

These results show that the assumption used by the 
authors of [22] that the populations of lower vibra
tional levels are significantly less than the populations 
of upper vibrational levels of laser transitions in the 
active medium of a transversely excited CO2 laser does 
not conform to reality.

CONCLUSIONS

The developed technique for multifrequency laser 
diagnostics of vibrational nonequilibrium gas medium 
containing CO2 molecules is based on measurements 
of unsaturated gains at lines of the 0001
[1000, 0200]I,II and 0002-[1001,0201]I,II transitions of 
CO2 molecules and allows one to determine the 
medium translational temperature and populations of 
the corresponding levels. Capabilities of the technique 
proposed were analyzed with the help of the model of 
vibrational nonequilibrium gas mixture, and it was 
shown that the diagnostic results are the most accurate 
when the gains are measured at no less than 30 lines of 
P- and R-branches of both vibrational transitions 
0001-[1000, 0200]I,II or 0002-[1001,0201]I,II. It is 
shown that if the standard deviations of the gains mea
sured meet the condition стк = 0.03kmin, then the tech
nique allows one to find the population of upper vibra
tional level Nm with the relative error SNm < 4%, of the 
lower level Nn1 with SNn1 < 8%, of the lower level Nn2 
with SNn2 < 6%, and the translation temperature T 
with ST < 1%. The technique was tested by results of 
gain measurements in the active medium of an actual 
transversely excited CO2 laser.
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