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IIpuMeHeHue 02J104YHBIX PYHKUMH IS CTATHYECKOI0 pacyera
U3rudaemMpIX CTep:KHEH U NPAMOYT0JIbHBIX IJINT
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Pedepat. B npexncraBnennoii pabore nporudbl CTEP>KHS U MPSIMOYTOIbHOM IUIUTHI C JIOOBIMU TUIIAMHU T'PAaHUYHBIX yCIOBUI
HpeyiaraeTcs NpeACTaBIATh B BUJE PiAa M JBOMHOrO psja 1o coOCTBEHHbIM (GyHKUMSM IudhepeHIHaIbHOIO ypaBHEHUS
U3THOHBIX KOJIE€OaHUH OAlKU WM IUIMTHI C COOTBETCTBYIOLIMMHU I'PaHUYHBIMU ycioBusMu. Jlanee no meroxy Purna onpene-
asercst (DYHKLUHMOHAT IOJHON SHEPrUM M3ruba CTepiKHA M M3ruda M KpydeHMs IUIMTHI U JEHCTBYIOIIEH Ha HUX BHELIHEH
Harpy3ku. Jlias CTepikHs C JIIOOBIMH THIIAMU T'PaHUYHBIX YCIOBHH auddepeHunpoBaHueM (yHKIMOHAJA IOJHOW SHEPruu
HOJyYeHO TOYHOE pelIeHHe /Uil IPOruOoB B BUje OBICTPO cxopsiero psja. [Ipu 3ToM HCIonb30BaHbl paHee OIyOJIMKOBaH-
Hble pe3ysbTatsl C. I1. Tumomenko u E. C. CopokuHa. J{1s npsIMOYTroJIbHOM IUIUTHI, UCIOJIb3YSl CBOMCTBO OPTOrOHAIBHOCTH
COOCTBEHHBIX (DYHKIMH M MX BTOPBIX IPOU3BOAHBIX, BEIYHUCIIETCS KBAJAPATHYHBINA (YHKIIMOHANI OT HEONPEAEICHHBIX KOI(]-
¢unueHToB npu coOCcTBeHHBIX QyHKUMIX. AuddepenunpoBanrneM (yHKIHOHANA IO KaXIOMY U3 HEU3BECTHBIX KOI(DQHIH-
€HTOB 0oOpa3yercs OECKOHEUYHas CHCTEeMa JIMHEHHBIX anreOpaudecKuxX ypaBHEHHUH, pelleHHe KOTOPOH croco0OM yceueHws,
HO3BOJISIET HAUTH MPOrHObI IINTHL. Jlaiee N3BECTHBIMU METOJaMU TEOPUH N3rN0aeMBIX IUIACTUHOK HaXOAATCS yCHIIHS B IUIH-
te. [IpuBenens! ABa npuMepa pacdera MPSIMOYTOJIBHOH IUTUTHI ¢ YE€THIPHMS ONEPTHIMU TPAHSIMU U IUIUTHI C IBYMSI OTIEPTHIMHU
rpansmu. [Ipearaemslii OAX0A NPOCT, YHUBEPCAJICH U ITO3BOJISIET PACCUNTHIBATH MIPSIMOYTOJIBHBIE IUTHTHI C JIIOOBIMH THIIA-
MH I'paHUYHBIX YCJIOBUH Ha KOHType Ha IIPOM3BOJBHYIO BHEHIHIOIO HAarpys3ky. B craTee mpuBeneHa Tabnmia coOCTBEHHBIX
qrcen 1 GopM ISl pacueTa NpsSMOYTOJIbHBIX IUIHT.
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Application of Beam Functions for Static Calculation of Bending Rods
and Rectangular Plates

S. V. Bosakov

YBelarusian National Technical University (Minsk, Republic of Belarus)

Abstract. In this paper, the deflections of a rod and a rectangular plate with any types of boundary conditions are proposed to
be represented as a series and a double series of eigenfunctions of the differential equation of bending vibrations of a beam or
plate with the corresponding boundary conditions. Then, using the Ritz method, the functional of the total energy of rod bend-
ing and bending and torsion of the plate and the external load acting on them is determined. For a rod with any types
of boundary conditions, by differentiating the functional of the total energy, an exact solution for deflections in the form of
a rapidly converging series is obtained. In this case, previously published results by S.P. Timoshenko and E.S. Sorokina are
used. For a rectangular plate, using the orthogonality property of eigenfunctions and their second derivatives, a quadratic func-
tional of the indefinite coefficients at the eigenfunctions is calculated. Differentiating the functional with respect to each of the
unknown coefficients forms an infinite system of linear algebraic equations, the solution of which by the truncation method
allows us to find the deflections of the plate. Further, the forces in the plate are found using known methods. Two examples
of calculating a rectangular plate with four supported edges and a plate with two supported edges are given. The proposed
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approach is simple, universal and allows calculating rectangular plates with any types of boundary conditions on the contour

for an arbitrary external load. The article provides a table of eigenvalues and forms for calculating rectangular plates.
Keywords: rod, rectangular slab, Ritz method, eigenvalues, eigenfunctions
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BBenenne

ITox GamoyHsIMH (QYHKIHAMH B padore GyaeM
NOHHMAaTh COOCTBEHHBIE (yHKIHH IH(}epeHIH-
QIBHOTO YPaBHEHHS H3THOHBIX KOTEeOaHHH CTEpXK-
H1 C HETIPEPBIBHO pacIpeeneHHOH Maccoi. Takue
(YHKIHH A7 pa3IHYHO ONEPTHIX OaloK MOCTpoe-
HEI B padotax C. IT. Tumomenko [1], B. H. ®axze-
eBoH [2]. ABTopoM OHH co0paHBI B Tadn. 1, rae
TaKXKe NPHBOJATCSA YPAaBHEHHA AN ONpEICICHHA
COOCTBEHHBIX YHCET H BEIHYHHBI IEPBBIX TPEX
COOCTBEHHBIX YHCET H YPAaBHEHHA LA OIpefiele-
HHs NOCIENYIOIHAX. PaHee TaGIHIBI YHCIEHHBIX
3HAUCHHH 3THX (YHKIOHH H HHTETPAlToB OT HHX
npuBefeHsl B MoHorpaguu E. C. CopokuHa [3]
u no3aHee y M. M. BaGakoBa [4] maHBI TaOIHIBI
171 OIpEeNENeHHs 9acToT COOCTBEHHBIX Koleda-
HHH pa3IHYHO ONEPTHIX NPAMOYTOIBHBIX ILIHT.

DTy K€ 3a7ady pelaTH aBTOpHI [5, 6]. bamounsie
(YHKIIHH H YeTHBIE IPOH3BOJHBIE OT HHX OPTOIO-
HAJIBHBI H II0JI€3Hb] IIPH PENICHHH 3a1a4 CTaTHKH,
JHHAMHKH H YCTOHYHBOCTH pPAa3IH4YHO ONEPTHIX
CTEpXKHEH H OaloK.

OcHOBHaSI 9aCTh

1. PaccMOTpHM H3rHOAeMBIH CTEPKEHb C IIIO-
OBIMH I'DaHHYHBIMH YCIOBHAMH.

SHeprua aedopMmanmii H3rubéa BeIpakaeTcs H3-
BeCTHOH (opmyoii [1]

U=ﬂj‘ Y zdx )
2 Jo ’

dx*

rae EJ,(—wu3ru0Hasd JKeCTKOCTh H JIHHA CTEpXK-
HA. Y — IPOTHOBI CTEPIKHA.

Tabnuya 1
banounble pyHERIHH
Beam functions
—x
0 a
xA, . . xA, . .
N cos(—')(smkk —sinh}, ) cosh(—'](sm}\.t —sinh},) "
Z, =—sin(h)+ a a —sinh(hJ
a cos), —cosh}, cosi, —coshi, a
coshi, cosh, —1=0, A, =4,73004; A,=7.8532: A,=10,9955; A, =h, +7 k=45, ..
z- cos(&)+ 1+coth, sin(x—x‘] B cosh(x—x' B sechi, (1—cosh, sinh)T, +sinA, Sinhx')sinh(&J
a l1—coth, a a cosh, —sini, a
tanA, —tanhA, =0; A, =3,9266; A,=7,0686: A, =10,2102; A, =A, +m k=45, ..
~1000|
2000/
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IIpooonsicerue mabn. 1
Continuation of the table 1

JLS L)

XA,
a

3

X )— cosh(
a

)

Z, = cos(

_cosh, +coshd, .
sink, +sinh},

1+cosh,coshh, =0; A, =1.8751; A,=4.6941; A;=7.8648: A, =h, ,+7m k=4,5,..

cc')s}u, +c'osh)», sinh(
sin), +sinh2,

o 22). )
a a

LR WY

Z, = cos(&) - cosh(
a

(cosA, —coshh, )sin(x—)"')
XA, a

x)_

a

. . +
sin}, —sinhA,

(cosh, —coshd, )smh(x—x’)

+ a
sinA, —sinh?,
tan, —tanhA, =0; A, =3,9266; A,=7.0686: A,;=10,2102; A,=A,,+m k=4.5,..
x
a
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Oxonuariue mabn. 1

End of table 1
o | Czr
sm( )(coshx sin, + cosA, sinh, ) (coshk sinA; +cosh, sinh A )smh( )
Z, =cos| —% |+ a
* ( a J —1+cosh, coshi, —sin}, sinh}, 1—cos), coshA, +sink, sinh),
cosh( )(cosk —sech), +sin}, tanh}., )
+
cosh, —sechh, —sini, tanh ),
coshh, cosh, —1=0, A, =4.73004; A,=7.8532: A,;=10,9955; A, =%, +7m k=4.5,..
IIpencraBuM
© x d4v )\‘4
=S4y rZ| L2 e, o )
; kyk( k [) P Vi
3meck A,.y,.A, — COGCTBEHHBIC UHCIIA, COOCTBEHHBIC (DYHKIIHH H HEH3BECTHBIE IOCTOSHHBIE K03DdH-
ITHCHTHI.

IToxctaBuM (2) B (1) H BHIIOTHHM HHTETPHPOBAHHE ¢ ydaeToM [1, 3]:

j’v(x )v( ki)drzo, i=k:
()

($ OO+ 0] ik ®)
o (o (o2 1o

IIpu neicTBHH HA CTEPKEHb COCPENOTOUECHHOH JIII1 MIapHUPHO OIEPTOro CTEPKHA:
CHJIBI P B TOUKE Xp COCTABHM ()YHKITHOHAT IOTHOH
3HEpruH AepopManuii H3ruda H JeHCTBYIOMEH Ha A =km oy, = sin( knf]: v (0)=¥(£)=0;
CTEepKEHb HAarpy3Kd IpH BhIIONHEHHH (2). IIpo- (

nadpepeHIHPOBAB MOIYUYCHHOE BEIPAKEHHE 110 A )
H NIPHPABHSAB IOTyYEHHOE BHIPAKECHHE HYIIO, IIO- ()i )=—(7) cos’ (km).
TyqaM QopMyITy 11 Ax OPH TOGBIX I'PAaHHIHBIX

YCIOBHAX HAa KOHIAX CTCPXKHA Ecmx ( 70
Xp=—.
A4, = P 2
xp . knx
A 4

_4apC yk( il ) () Y=>4 sm(knij— 2PC° isstm(EJ

EJ (ny(€)=20y,(0)yp(0)+ 7 (1)) =i () n'EIe K 2 )
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JU11 MaKCHMATBHOTO IPOTrHGa MOIYIHM C yUe-

2 kT[
Slll — 4
TOM =
,,Z; ~ 9%
_pC
"X AREJ

TakuM 06pa3oM, OTYyYCHO BEIPAKEHHE (YHK-
nuu ['puHa B (opMe OECKOHEYHOro psjma I
OalKH ¢ JIOOBIMH THIIAMH TI'DAaHHYHBEIX YCIOBHH.
OTO BBIPAKEHHE IO3BOILIET PEMIATh Pa3HOOOPA3HEIE
3a/1a4H CTATHKH IIPH JF000M HArpyKEHHH GaloK.

2. PaccMOTpHM BOIIPOC IPHMEHEHHS 0ATOYHBIX
(YHKIHH K pacueTy IpAMOYTOIbHBIX H3IHOAEMBIX
IUTHT C HCIOIb30BaHHEM MeTona Purna [7]. Cpa3y
OTMETHM, €CIIH IUIHTA 10 YETHIPEM CTOPOHAM OITH-
paetcs, To 3Heprus JedopManuii H3ru6a H Kpyde-
HH IUTHTHI BRIpakaeTcs B CIeAyromeM Buze [4, 8]:

=—I J (a T J dedy. ()

rae W (x,y)—OporHGH IUTHTEL D — €€ IHTHHIPH-

gecKas JKECTKOCTb.

Eci HeKOTOphIe TPaHH IUTHTHI HE OMHPAKOTCH,
TO M1 SHEpPrHH AedopMmaimii HEOOXOIHMO HC-
OJT30BATh IIOTHOE BEIPAKEHHE

e 22/

owew (ewY
o o’ _[axay] dedy.

(6)
-2(1-v)

v — K03 ¢uimenT ITyaccoHa MaTepHaia ILTHTEL.

PaccMOTpHM IPAMOYTONBHYIO IUIHTY, ABE Ipa-
HH KOTODOH 3aIllEMIICHEL, B¢ IIAPHHPHO OIEPTEI
(puc. 1). Ilnura 3arpykeHa PaBHOMEPHO pac-
IIpENIeTICHHON Harpy3koH. IIpHHHMaeM HpPOrHObI
B BHJE CYMMBl IPOH3BEJEHHH [BYX ()YHKIHI
H3 Tall. 1 11q GalkH ¢ 3almeMICHHBIM H IIapHHp-
HO OIEPTHIMH KOHITAMH:

r-gEenfihng) o

m=1 n=1
4 4
Un 5 00,=00 Loy oy o
(].\’ dy

HUcnoms3ys (5), HaXOAHM MOTHYIK IOTCHIH-
aTMbHYI0 SHEPrHIO ILTHTHL H JeHCTBYIONEH Ha Hee

Harpy3KH Kak KBaJpaTHUHyI (QYHKIHIO K03QPH-
122

IHEHTOB A,,,. CHCTeMa THHEHHBIX aNreOpaHdeCcKHX
YPaBHEHHH 1A ONPEACTIEHHA A4,, MOIyJaercs
T depeHIpPOBaHAEM MOTHOH 3HEPTHH 10 Kak-
IoMy H3 KO3()(HIHEHTOB A,,, H IPHPABHABAHHEM
IIOTy4EHHOTO BEIPAXKEHHSA HYIIIO.

]

AN L

P T — x

0 a

Puc. 1. TIpAavoyTonbHAA INTHTA IO ACHCTBHEM
PaBHOMEPHO pacUpeeIeHHOH Harpy3Ka

Fig. 1. Rectangular plate under
uniformly distributed load

JIIA IWIATEL C a = 6 M: b =4 M D = 21000 KHM:
q = 10 KHN cmocoGoM ycederns [9] ¢ ydgeroM
NIEPBHIX YETHIPEX WICHOB psfa (7) HOIydeHO:

0,41439¢q . 0.01989¢q .
A1,1 = D q > A1,2 = D q >
0.02367¢q 0,00277¢q
h1=—————1 Ay, =———.
’ D ’ D

Ha puc. 2 mpHBeJeHa IIOBEPXHOCTH IPOrHOOB
paccMaTpHBaeMOH ILTHTHI (M).

Temepp paccMOTPHM INPSAMOYTONBHYIO ILUIHTY,
OJIHA IpaHb KOTOPOH JKECTKO 3amIeMIeHa, Apyras
IIAPHHPHO OIEpPTa, OCTAIbHBIE HE OIHPAIOTCA.
Ha mury AeHcCTBYeT yInoBasg COCPEIOTOYECHHAS
cuma (puc. 3). IlpencraBEM IIPOTHOBI ILTHTHI
B BHJie (7), rae GamouHble (YHKITHH BEIGEpEM H3
Ta0l. 1 A1 KOHCONBHOH OankH H OalKH C Imap-
HHPHOH onopoi. [ IIHTEL ¢ XapaKTePHCTHKAMH
npeneinymero npuMepa H P = 40 xH ¢ yderom
IIEPBBIX YETHIPEX WIECHOB psAja (7) mocie Ipome-
’KYTOUHBIX BHIYHCIICHHH IIOTyUEHO:

4,,=212410-10"°P; 4,=-3,13033-10"P;
4,,=-1,07439-10"°P; 4,,=2.97864-10"*P.

Ha puc. 4 mpHBezieHa IOBEPXHOCTH IIPOrHOOB
HThL [To QyHKIAM IpOrHGOB IO H3BECTHBIM (op-
MyJIaM HaXOJATCs BHYTPEHHHE YCHIHA B IUHTE [3].

OTMETHM, YTO B 3TOM IPHMEPE HAa HEONEPTHIX
KpasX IUTHTH HETOUHO BBIIOTHAIOTCS CTATHUECKHE
TPaHHYHBIE YCIOBHA LA KaKI0ro wieHa paaa (7).
OJHAaKO H3BECTHO [8], YTO NpH HCIOIH30BAHHH
MeTof1a PHTIIa OHH BBIIOTHAOTCS IIPH B3ATHH J0-
CTaTOYHO OOJBMIIOrO YHCTIA WIEHOB psja (7).
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—0,0004

Puc. 2. TIoBepXHOCTH IPOTHOOB ILTHTHI
Fig. 2. Surface of slab deflections

b Y

4

7

Fy

;

0 a

Puc. 3. TIpamoyronbHas ILTHTA, 3arPyKEHHAA YIIIOBOH CHIOH
Fig. 3. Rectangular plate loaded with angular force

X

Puc. 4. TloBepXHOCT IPOTHOOB B IPAMOYTOIBHOH ILTHTE
C IBYMA ONIOPHBIMH KPagMH
Fig. 4. Surface of deflections in a rectangular plate
with two supported edges

BBIBO/IbI

1. K HacTosAmeMy BpEMEHH H3BECTHBI TOYHBIE
pemenns HaBbe H JIEBH U1 CTaTHYECKOIO pacye-
Ta H3rHOAeMBIX IUTHT B ()OpME TPHIOHOMETPH-
YECKHX H THIEpOOIO-TPHIOHOMETPHYECKHX psi-
0B [7] mId MIApHHPHO OHEPTOH IO YETHIpEM
TPaHsAM H IMIAPHHPHO ONEPTOH II0 JBYM IIPOTHBO-
IIOJIOJKHBIM I'PAHAM H Pa3IHYHO ONEPTOH IO JBYM
ocTalnbHEIM. B MoHOrpadum [10] H310K€H MOAX0A
B. HoBamxoro, B KOTOPOM 3aJa4a pacdyera IpsMo-
YTONBHOH IUIHTHI C PAa3IHYHBIMH OIEPTHIMH I'pa-
HAMH CIIOKHBIM 00pa30M CBOAHTCA K OECKOHEYHOMH
CHCTEME ITHHEHHBIX are0paHYecKuX YpPaBHEHHI.

2. Ilpenmnaraemoe B padoTe pEIICHHE YHHBEP-
CalnpHOE, IpoIIEe H OBICTpEe IO3BOJIAET IONYyYHTH
IIPOrHOBI IPSIMOYTOIBHOH IITHTEI C JIFOOBIMH I'pa-
HHYHBIMH YCIIOBHAMH.
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