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Abstract:

The quantum logical circuits are reversible since they are defined
through using Boolean conjunction, exclusive-or and constants. We pro-
pose a technique of inferring ternary reversible decision diagrams at the
aim of modelling and synthesis of quantum parallel many-bit adders.

The binary and ternary decision diagrams [1] are a means for modelling
and synthesis of logical circuits. The theory of ternary diagrams is based
on incompletely specified logical functions [2, 3]. The paper proposes a
technique for inferring reversible ternary decision diagrams representing
logical circuits of adders [4] for quantum implementation [5].

Let x = (X1,...,Xn) be a vector of n scalar Boolean variables. A scalar
Boolean function f(x) is a mapping B" — B, B ={0, 1}. Let a Boolean
vector function F(x) = (fi,....f.): B"— B" is given by vector (Xi,...Xi
1, f(X1,...,Xn), Xi+1,...,Xn) OFf scalar functions fi=xu,..., fix = X, fi =1,
fir1 = Xis1 ,..., fn = Xn. In F(X), the number of components is the same as the
number of primary variables in f(x). The Boolean function f(xs,...,Xn) is n-
reversible if there is an index ie{1,...,n} for which the vector function
F(X) = (X1,...,Xi1, f(X1,...,Xn), Xi+1,...,Xn) IS bijective. All logical quantum
circuits are reversible in nature and are represented by reversible func-
tions.

It is shown in previous works that the binary Boolean exclusive-or op-
eration which is given by f=x; @ Xz is 2-reversible. The binary Boolean
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equivalence operation f = X1 = x, being a negation — of the exclusive-or is
also 2-reversible. The ternary Boolean xor-and-accumulation operation
xac = X1 @ (Xz2AXs) is 3-reversible. It is described through the binary exclu-
sive-or and conjunction operations. At the same time, the binary Boolean
conjunction f = x; A X2 and disjunction f = x; v X2 need an ancilla and are
therefore not 2-reversible. They are 3-reversible. Consequently, the binary
Boolean implication f = x; — X2, Sheffer stroke f = x; | X2 and Pierce arrow
f = x1 ¥ X, are 3-reversible as well. The ternary Boolean if-then-else oper-
ation ite = Xx1AX2 v —X1AX3 (— is Boolean negation) and the majority oper-
ation maj = X1AX2 Vv X1AXs V X2AX3 are not 3-reversible. They demand one
ancilla and therefore are 4-reversible. Any reversible Boolean function can
be described by a superposition of the exclusive-or, xor-and-accumula-
tion, constant 1 and constant 0 operations with the same or increased num-
ber of input and output variables (ancillas). If no ancillas are needed, we
call the function reversible. Usually, optimization is needed for a given
function to obtain a minimum number of ancillas.

In the widely used Binary Decision Diagrams (BDDs), the semantics
of a nonterminal vertex labeled by a Boolean variable is defined by the
Shannon expansion (sha = xiAng v —xiah) using the ternary ite operation
which is not 3-reversible. Each nonterminal vertex of the diagram has two
outgoing edges. In the Binary Functional Decision Diagrams (BFDD), the
semantics is defined by the positive (davp =h @ xiAg) or negative
davn = g @ —xiah) Davio expansion using the xor-and-accumulation op-
eration which is 3-reversible. Therefore, BFDD is a reversible diagram
whose nonterminal vertices use no ancillas. At the same time, BFDD has
poor capabilities for modeling such digital devices as many-bit adders.

In the Ternary Decision Diagrams (TDDs), proposed in [1] as if-deci-
sion diagrams (IFDs), each nonterminal vertex has three outgoing edges.
The theory of incompletely specified functions is used for creating the di-
agrams. The semantics of the nonterminal vertex is defined by the expan-
sion prih = dag v —dAh where d, g and h are arbitrary Boolean functions
of the same set of variables. In Positive Ternary Reversible Decision Dia-
grams (PTRDD), the semantics is defined by the expansion
prip = h & dag. PTRDD is a reversible diagram. It is suitable for model-
ling many-bit adders.

TDD (also known as IFD) is suitable for developers who specify logi-
cal (digital) circuits at the functional level. In contrast, it is not easy for
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designers to describe a digital circuit using TRDD directly. At the same
time, this diagram supports efficiently the circuit synthesis flow and can
yield logical circuits of good quality. Especially, they can be successfully
used in such applications as quantum computers design since all quantum
logical circuits are reversible. The goal of the paper is to develop an effec-
tive technique of transforming TDD to TRDD.

f=dnrngv—dnrh f=h®dnrg

ifd prip
—dnh=h

d g h d h g

Figure 1 — Rule of transforming TDD’s nonterminal vertex to PTRDD’s nonter-
minal vertex and vice versa under condition -d Ah=h

Figure 1 depicts Rule of mapping a nonterminal vertex of TDD repre-
senting Boolean function f = dag v —dah in the basis of {—, A, v} to a
nonterminal vertex of PTRDD representing the same function in the basis
of {A, ®}. Rule can be used if —=d A h = h. The TDD’s vertex has three
outgoing edges directed to sub-diagrams d, h and g. Rule can be proved as

f=dag v —dah =dAag ® —dah =dAag @ h=h & dag.

Let consider the 1-bit full adder and represent it with TDDs and
TRDDs. Figure 2 (left) depicts a 2-root TDD for two functions of sum s;
= a @ bi ® ci1 and carry ¢i = majority(ai, bi, i) depending on inputs a;,
bi and ci.1.
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Figure 2 — Transforming TDD-representation (left) prip of one-bit full adder to
PTRDD-representation (right) and vice versa (dashed line represents a comple-
mented edge)

The diagram contains seven terminal vertices labeled by Boolean var-
iables and constants, and four nonterminal vertices connected by twelve
directed edges. The nonterminal vertices represent one and-operation, two
xor-operations and one prip operation. Three of twelve edges are comple-
mented, they represent the Boolean negation — operation. Figure 2 (right)
depicts a 2-root TRDD for the s; and c; functions. Each vertex of the TRDD
corresponds to exactly one vertex of TDD and vice versa.

The vertices of TDD which are labeled with xor and and are mapped
to TRDD’s vertices as shown in Figure 3a and 3b respectively. The vertex
labeled with prip describes the function

dAagv—-dah =g®-dah

because
d=—(@®hi),g=aAbiand h=ciy
and

dAag=—(ai®bi) A (aiabi)=(ai=h) A (aiAbi)=(aiabi)=g.

dng d®h
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a) b)

Figure 3 — TRDD-representation of a) Boolean conjunction A and b) Boolean
exclusive-or @

The 3-bit carry ripple adder is constructed as a chain of 1-bit full ad-
ders. It is represented either with diagram D1 of type TDD (Figure 4) or
with diagram RD1 of type TRDD (Figure 5). The two diagrams are gen-
erated independently of each other: the first one is not reversible, and the
second one is reversible. The depth of both diagrams is the same and is
equal to 4 nonterminal vertices.

For the many-bit adders represented with TDDs, work [4] proposed a
method of parallelization that is based on cutting long chains of diagrams’
vertices into shorter chains. Since the exclusive-or operation models the
incompletely specified Boolean functions poorly, the method cannot be
immediately applied to the reversible diagrams PTRDDs.

a b b a b 0 a b b a b 0 a by by a by 0

Figure 4 —TDD-representation D1 of 3-bit ripple-carry adder of depth 4

5 Sp
1 f— 1
€1 €o
O . Cin
a 0 b @ b 1

51
1
a 0 b a b 1 a 0 b

2
.)
a b 1

Figure 5 -PTRDD-representation RD1 of 3-bit ripple-carry adder
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We propose a two-step technique which firstly cuts long chains in
TDDs and secondly maps the TDDs to PTRDDs using Rule shown in Fig-
ure 1. Let demonstrate the technique at the aim of parallelization of the
carry part of the 3-bit ripple carry adder (Figure 4). We break the chain of
diagram D1 consisting of four nonterminal vertices labeled prip, prip, prip
and and, and obtain a TDD-representation D2 depicted in Figure 6. The
resulting 3-root TDD has two additional nonterminal vertices zo and z; of
type prip and and respectively. The longest path of D2 consists of three
nonterminal vertices instead of four in D1.

At the second step the procedure maps the diagram D2 to a reversible
diagram RD2 depicted in Figure 7. Let us prove that D2 and RD2 describe
the same behavior, i.e., they are functionally equivalent. All vertices of D2
of type xor and and are mapped to functionally equivalent reversible ver-
tices shown in Figure 3. Three vertices co, €1 and z: have the type prip
since they meet the condition —d A h = h of Rule.

Figure 6 — TDD-representation D2 of parallel (3-depth) carry part of 3-bit adder
prip
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Figure 7 — PTRDD-representation RD2 of parallel (3-depth) carry part of 3-bit
adder

Let us prove that vertex c; also has type prip. The vertex’s semantics
is defined as

cc=dA gv—-dah=g®-dah
since
d=—20=—((a2 ® b2) A (a1 ® by)) = (a2 = b2) v (a1 = by),
g=2z1=(az A b2) v ((a1 A b1) A (a2 @ b)),
h = co,
and
dAg=((a2=b2) v (ar=b1)) A ((a2 A b2) v ((a1 A b1) A (a2 D b2))) =
= ((a2= b2) A (32 A b2)) v (82 = b2) A (81 A b) A (32 @ b2))) v
((a1=b1) A (@2 A b2)) v ((A1= by) A (A1 A br) A (a2 @ b)) =
= (a2 A b2) v ((31= b1) A (a2 A b2)) v (a1 A br) A (22 @ by)) =
= (a2 A b2) v ((a1 A b1) A (a2 @ b)) = g.

Therefore, vertex c, has type prip.

Conclusion. The problem of modelling digital circuits and the aim of
implementing adders is considered. In the paper, the adders are modeled
by ternary decision diagrams also known as if-decision diagrams. The di-
agrams are defined through using Boolean negation, conjunction, disjunc-
tion and constants. The quantum logical circuits are reversible, they are
defined through using Boolean conjunction, exclusive-or and constants.
We have proposed a technique of transforming ternary decision diagrams
describing the adders to ternary reversible decision diagrams of the same
size. The technique can be used for inferring parallel reversible ternary
decision diagrams at the aim of synthesis of parallel quantum adders.
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AHHOTALIM:

B nanHOIf cTaThe MPUBOAUTCS METOIMKA pacyeTa U Moa00pa OTKATHBIX
CPEICTB I KPYIMHOTa0apUTHBIX PabOYMX KaMmep YCTaHOBOK HMOHHOTO
a30THPOBaHUS.

BakyymHbIe Kamepbl UMEIOT HIMPOKOE NPUMEHEHHE B Ppa3IMYHBIX
OTpPAaCIISIX MPOMBIIIICHHOCTH, TIO3TOMY AJIs1 00ecieueHNsI UX CTaOMIbHON
paboThl BakeH NPABWIBHBIA BBIOOP OTKAUHBIX CPEICTB, KOTOpBIE
HAIMpPSIMYIO BIUSIOT Ha TPOU3BOJAUTENLHOCTb.

Oco0OeHHOCTH BaKyyMHBIX KaMep OOJIBIIOro o0beMa 3aK/IHuUaroTCcs B
HEOOXOOUMOCTH OBICTPOro U 3()(EKTUBHOTO YyNAIECHHUS 3HAUYUTEIHHBIX
00BEMOB BO3[yXa U TEXHOJOTHYECKHX ra3oB. JDTO TpeOyeT MPUMEHEHHUS
TaKMX CHCTEM OTKAa4KH, KOTOphIe OyayT CHOCOOHBI 00ecnednTh
TpeOyeMblil ypOBEHb BaKyyMa B MUHUMAaJIbHBIE CPOKH ITPH MAKCUMaJIbHOM
9HEpPro3¢HEeKTUBHOCTH.
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