YK 62-503
ONTUMM3ALIUSI TEXHOJIOTUUA PABOThI KAMEPHOM NNEYH
JoKT. TexH. HayK, npo). KOBAJIEBCKHUIA B. B., un:x. PAJDKYX M.

benopycckuii HayuoHanbHvlil mexHuieckull yHusepcumen

[Ipu pyHKIMOHMPOBAHMM HArPEBAaTEIbHBIX YCTPOWCTB BO3HHKAET 3agada
BbIOOpPa HAWBBITOAHEHIINX yCIOBUH uX padotsl [1]. [IpumeHuTensHO K Kamep-
HBIM MeyYaM pelleHbl 3aJadyd: MHHHMHU3ALUU TEIUIOTH, HMCIOIB30BaHHON Ha
Harpes [2]; MUHUMU3aLMK BETUYUHBI OKaIUHGI |3, 4].

[Ipennonaraercs, 4To B MEYN HArpeBalOTCs «TOHKHE» B TEIJIOTEXHUYECKOM
CMBICIIE TeJa U BYCTOPOHHME OTpaHMYEHUS Ha TEMIEpaTypy ABIMOBBIX Ta3oB
oTCcyTCTBYIOT. OIHaKO Ba)KHBIM JUISl MPAKTUKH SIBJIETCS. Y4YET JIBYCTOPOHHHUX
OTrpaHMYEHUI Ha TEMIepaTypy AbIMOBBIX ra3oB. JlanpHeliee U3I0KEHUE U M0o-
CBSIILIEHO PEIICHHUIO TAaKOr0 PoJia MPoOJIeMBI.

IHocTanoBka 3agaun. PaccMoTpum crienyroiyto 3a1ady ONTUMH3ALH:

%#(x,u,r); (1)
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2,(x(0))=0; g,(x(T))=0;

T
j F(x,u,)dt - min.
0 ue

)

®)



3nech T — ¢uxcupoBanHoe uncio; f: R” x R" x [0, T] -> R"; g,:R" — RN,

i=1,2; F:R"x R" x [0, T] > R' — pyHKIMH HenmpephIBHbIE BMECTE C UACTHBI-
of OF og ._

MH NPOU3BOAHBIMH ——; —; ——, [ = 1, 2. JIOMyCTUMBIMHU YIIPaBJICHUSMH SIB-
Ox Ox Ox

JSIFOTCSI KYCOYHO-HENPEPhIBHBIC (DYHKIIMU CO 3HAYCHHSIMH B KOMIAKTHOM MHO-

xectBe U € R”.

Paccmotpum cucremy (1) ¢ kputepuem kadectBa (3), KyCOYHO-HENPEPBIBHOE
ynpasnenne u’(f) € U 1 COOTBETCTBYIONIYIO €My TPaeKTopHIo x (f) mpu ¢ > 0,
KOTOPBIC YIOBJICTBOPSIOT YCIOBHSIM:

a) miUn F(X(0),u,t)= F(X°(0),u’ (1),1); 4)

0) mns moboro gomyctuMoro mporiecca x(¢), u(f) 3amaun (1)—(3), moObIX ¢,
1,05t <, <T:

jz F(X°(0),u’ (1), 0)dt sjz F(x(t),u(t),t)dt. (5)

OrmeTHM, 4To JUIst x°(f) paBeHCTBA (2) MOTYT I HE BHINOIHATEHC.
Omnpenesienne [5]. 3anady HEPepHIBHON ONTUMH3ALUU

dx

T fu), g(x(0)=0, x(T)=x"T); (6)
T
j[F(x,u,t) — PO, (0)yt |dt — min, (7)
0

rae T He GUKCHPOBaHO, HA30BEM 3aadel 1. AHajJormyHo, 3a7a49a BUa

%=f(x,u,t), & (TN =0, x(Ty)=x"(T,); ®)

I[F(x,u,t) —F(x° (z),u"(t),z] dt — min 9)

L

Ha3bIBaeTCs 3aqavei 2.

Iyers 0 < T) < T, < T — OpOU3BOIBHEIC MOMEHTEI BpeMeHH X' (f), x*(f) — on-
TUMasbHBIe pernenns 3anad 1 u 2, u'(7), (1), w'(¢), W(f) — cooTBeTCTBYIONIE
UM YIPABJICHHS U CONpPsDKEHHBbIC QyHKIMH. OnpenenuM (YHKIHUU MepeMeHHON
v eRr"

G;(y)= r}fleégi[\l/(f(xo(T,-)au,TI-)—f(xo(T,-),IftO(T,-),T,-))+

FFQ (L) (1).T) - F((T)ae. T
R(w) = maxfy(f (), T) = £ (T (). 1)) +
FEGOT) (T).T) ~ FO (), T, i=1,2,

Teo pcwMa. HYCTI: BBIITOJIHCHBI CIICAYIOIIHNEC YCIIOBUSA !
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(M x' : [0, T\] > R", x* : [T>, T] = R" — perynsipHble [5] SKCTpeMaln cooT-
BETCTBEHHO NEPBOX U BTOPOM BcrioMoraTenbHbix 3a0a4 0 < 7 < T, < T;

(II) ypasuenus Gi(y) = Pi1(y) = 0, G2(y) = P2(y) = 0 uMerloT equHCTBEH-
HbIE KOPHH p' ¥ p° COOTBETCTBEHHO;

(IIT) xo(¢) — perynspHas sKCTpeManb s 3a1a4u:

%:f(x,u,t); (1) =2 (1); x(T) =x"(Ty);

T2

j F(x,u,t)dt > min,;
T uel
1

(IV) matpuns! dg,/dx, dg,/dx uMet0T MakCUMaIbHBIE PaHTH k1 U ky;
(V) cymectsytot npoussoassie x(T}), i = 1, 2.
Torna Tpaekropust

x'(f), 0<t<T;
x()=1x"(t), T, <t <Ty; (10)
xX*(t), T, <t<T

SBIISIETCS] PEryIsipHOM 3KcTpemainbio 3agauu (1)—(3). Joka3arenbcTBO TEOpEMBI
npuseneHo B [Ipunoxenun.

Ipumep. ITycts TuHaAMUKa npolecca HarpeBa «TEPMUUYECKI» TOHKOTO Tena
B KaMepHOM Ie4M IMOCPEJCTBOM paJHallud U KOHBEKIIMH ONMCHIBAETCSA YpaB-
HEHUEM

& Katu= 0t ol ~ ), an

rae k, o, 0 — MONOXKUTEIbHBIE TIOCTOSHHBIE; X = X(f) — TeMIepaTypa MeTajlia
B MOMEHT BpPEMEHH f; u = u(f) — TeMIepaTypa JbIMOBBIX Ta30B (IeuH). 3adaHbl
CJIEIYIOLIE TPAHUYHBIE YCIIOBUS:

x(0) = xo; X(T) = xr, (12)

rAc xo, Xr — Ha4aJIbHAA U KOHCUHAA TCMIICPAaTyphl METaJlJia COOTBCTCTBCHHO, T-
(l)I/IKCI/IPOBaHHOG BpEMS OKOHYAaHHA IIpoHecCa Harpepa. KpI/ITepI/Iﬁ KadeCTBa
UMCECT BUJ

T
i(x,0,1) = S By, (13)
X
0

31ech s, B — NONOKUTENbHBIE MTOCTOAHHBIE. OTMETHM, 4TO BelMynHa / ompe-
JefsieT BeMUYMHY OKaJHHbI, 00pa3oBaBIIytocs 3a Bpems 1 [4].

U3 ycnoBus JOCTHKUMOCTH TEMIEPaTyphl X, U IPYTHX (U3UUYECKHX Orpa-
HUYEHUH TI0Jaraem, 4To:

0 <X() <Al <xT<A2 < B, T> Tmim
rae A 1 Az — MUHUMAJIbHOC U MAKCUMAJIbHOC 3HAUCHUA TCMIICPATYPhI ABIMOBBIX
T'a30B,; Tmin — MHUHUMAJIbHOC BPpCMA HArpeBa METajljia OT TCMIICPATYpPhI Xo 40 X7.

3ajaya 3aKIOYaeTCS B BBHIOOPE TAKOTO peXHUMa MU3MCEHEHUS TEeMIEpaTyphl
JTBIMOBBIX Ta30B BO BpeMeHH u(f) (0 < ¢ < T), B BUAe KYCOYHO-HENPEPHIBHOMN
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(yHKUMHU, KOTOPBIN Ha pemieHusX ypaBHeHHs (11) ¢ rpaHHYHBIMH YCIOBHSIMH
(12) ynoBierBOpseT OrpaHMYECHUIO

Ay Su(t) < A4, (14)

W JI0CTaBIeT MUHUMYM KpuTepuio kadecTsa (13).
OrmpenennuM TpaekToprio x (f), yIoBIeTBOpSIONLyIo yeaosusaM (4), (5). s
3TOTO OLIEHUM NPOW3BOIHYIO MOJBIHTErpanbHOW (yHKuuu ¢yHkuuoHana (13)

F(x)= 1P Yveem
X

F'(x) =17 (E—lj >0, x € [xo, 45].
X X

[Mosromy mipu x| > X, > xo umeeM F(x;) = F(x;).

OGo3HaunM depe3 x'(f) TPACKTOPHIO, SBISIONIYIOCS PEIICHHEM YPaBHEHHS
(11) mpm u(t) = A, ¢ HauanbHBIM ycnoBHeM x(0) = x¢. st 11000T0 10MyCTUMOTO
npouecca 3anauu (11)—(14)

x(0), u(?) : x(t) > xX°(t), t € [0,T],
nostomy F(x(f)) > F(x°(¢)), t € [0, T],

t ty
j F(x(t)dt > j FG(dt, 0<t,<t<T.
h h
Taxum o6pasom, yciosus (4), (5) mis MOCTPOGHHOM TpaekTopuu x'(f) BbI-
MOJTHEHBI.
3anmaua 1 (6), (7) Beipokaaercs; U 77 = 0. 1 HaXOXKICHUS pelIeHHus 3aJa9u
2 (8), (9) onpenenrM MaKCUMajbHBI MOMEHT BpeMeHH 1, Ui KOTOpOro rpa-
HUYHAas 3a/1a4a

-%=MM@—m+d£—ﬂ»;n<wﬂtmzrm%nxﬂn=m

umMeer perrenne x°(f). [lokaxkeM Tereps, uto mpomnece x(f), u*(f) = A, u Bpems
T, SBIAIOTCS] ONTUMATBHBIM PEIICHUEM 3a1auH 2.

[Ipeamonoxum mporuBHoe. Ilycts umeercs nydmiee mo (QyHKUHOHATY pe-
menne 3anauu 2 () Ha orpeske [T,, T]. Torma B cumy BeIOOpa T, mMeeM:
W(t) 2 x(1), t € [T, T]. OTKyaa IOTyYHM IPOTHBOPEUUBOE HepaseHCTBO I((f),
T, T) > I(x*(?), T», T). Tak KaK 3HAauCHHE MOIBIHTEIPATLHON (YHKIMH (yHKIH-
OHaja I 3aJa4d 2 HeoTpHuarenbHo, To 1, — Hammydmee Bpems. Orme-
THM TaKxke, 4T0 x°(f) €CTh ONTHMAIBHOE PEIICHHE 3aJaul CO CBOOOTHBIM Iic-

BbIM KoHIIoM Tpaektopuu (11), x(T) = xr, x(T>) He 3amano, I(x,T,,T)— min.

A <u<d,

N3 ycnosus Il Teopemsl umeeM:

_Biw), w>0;
Gz(‘ll)—{ 0. v <0;
0, v > 0;

P =
“W){&mm v <0,
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rae Bi(y) > 0 mpu y > 0, Ba(y) > 0 npu y < 0 — HEKOTOphIE THHEHHBIC (YHK-
uuu napamerpa Y. OTkyna p, = 0 — eAMHCTBEHHBIA KOpeHb ypaBHeHUsI Ga(y) =
Py(y)=0.

Jlerxo mpoBepHTH BHINIOIIHEHHE OCTAIBHBIX YCIOBHM TeopeMbl. Takum obpa-
30M, Tpaekropusi (10)

x°(t), 0<t<T;

x(t)= 5
x°(t), T,<t<T

SBIISIETCS pErysipHON dKcTpeManbio 3amaun (11)—(13).

Tax xak x’(¢), t € [T, T], — ONTHMANBHOE PEIICHHE COOTBETCTRYIOICH 3aa-
4M cO CBOGOIHEIM JIEBHIM KOHIIOM TPACKTOPHH, a X (£) yIOBIETBOPSET yCIOBUIM
(4), (5), To x(¢) — onTUMaTBHOE PEIICHUE 3a/1a4U.

JanHas Meronuka OblIa HCIIONB30BaHA JUIi MUHHUMHW3AIUH OKAJIMHBEI TIPU
HarpeBe 3aroTOBOK B Meud Ha JKII0OMHCKOM MeTayuTypru4ecKoM 3aBojie.

[lo pesynpTaraM HaeHTU(UKALMKA MOAEIEH MOMydeHBI CIeIyIoulhe 3Have-
Hus Kodbdurmentos: s = 14105; B = 3000; oo = 30; ¢ = 3 - 10>, TIpu Bpemenn
HarpeBa 160 MHMH M 3aBOACKOM TEXHOJOIMHM 3aroTOBKa HarpeBajach OT
30 mo 1110 °C. BenumunHa OKanuHBI K KOHILy MpoIllecca HAarpeBa paBHA
1,3876 xr/»’. JI1s ONTHMANBHOrO pexuMa Harpesa mpu 4, = 680 °C; A, =
= 1200 °C uMeeM BelMUHHY OKAIMHbL, paBHyto 1,14615 kr/m™.

OOcy:kaenue pe3yJabTaToB. M3BecTHO, 4TO A psAAa ONTHMHU3ALMOHHBIX
3a1a4 ONTUMalbHAasi TPACKTOPHS MPH YBENUYCHUH BPEMEHU CTPEMHTCS K TpaeK-
TOpUH, Ha3pIBaeMol Maructpansto. Hanpumep, B [5, 6, 8] marucrpans onpene-
JIeTcs B pe3yJbTaTe peleHNs CIeNaJIbHO MOCTPOECHHOW 3a7jaun MaTeMaTHye-
CKOI'0 IIPOTPaMMHUPOBAHUS, YTO TPEOYET B CBOIO OYepelb BHIIIOJHEHHUS CBOMCTBA
YIPaBIIEMOCTH Ha MarucTpaind: B cTaThe MpeanoXeH HOBBIH Croco0 HaxoxKe-
HUSI MarucTpaym, o000LIarommii n3BecTHIE MoaXoabl. [Jana Teopema, mo3BoIIs-
ollasi IPOM3BONTE JEKOMIIO3UINIO UCXOAHOM 3aJauu Ha TpU MOJ3aJauH: 3a/a-
9y 00 ONTHMaJbHOM BBIXOZE Ha MarucTpalb, CIIyCKa C Hee M OIlpeelicHHs Ma-
THCTpPaJIH.

Ha ocHoBe npemmoxKeHHON METOAMKHN JT0Ka3aHO, YTO ONTHUMAaJIbHBIM 0 MUHHU-
MYMY BEJIMYMHBI OKaJUHBI SBJISIETCS IBYXCTYIIEHYATHIA TpadiK HarpeBa MeTajuia.

MNPUITOXEHNE

Jlokazamenvcmgo meopemvi. He orpaHuumBas OOLIHOCTH, CUMTAEM, UTO
T, > 0; T, < T. B cOOTBETCTBUM C MPUHIUIIOM MakcuMyma [7] A BcrioMora-
TeNBHBIX 33724 CymecTBYIOT Gynxuuu: ' : [0, T1] — R y*: [T, T] = R”, Bex-
Topsl m; € RY, i =1, 2, Takue, YTO BBIIOTHEHE! CIEAYIONIME COOTHOMICHHS:

a) dyskmuy ' (7) (i = 1, 2) ABNAIOTCA PENICHUAMHI CONMPSIKEHHOTO audde-
PEHLMANBHOTO YPaBHEHHS

1
WA o)1),
dt ox

e Hi(x, u, 1) = F((f), u’(t), 1) — F(x, u, 1) + ' (ORx, u, 1);

0) TOYTH [T BCEX ! BHIIONHSCTCS PABEHCTBO
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me}]x H, (x[ (t),u,t)=H, (xi (t),ui(t),t);

B) QyHKIHMH ' (f) YIOBIETBOPSIOT YCIOBHAM TPAHCBEPCATHHOCTH

0 0
W (0)=m B, (1) = —my 22
Ox ox

T') BBIITOJTHEHBI YCIOBHS CTallMOHApHOCTH 110 11, 1)
max H, (x'(T),u, T;) = y' (1) %" (T)).
uelU

Paccmorpum ycnoBue r npu i = 1.
Borancmum G(y'(T))). Tak kak x'(f) — onTMManbHOE pelleHue 3agauu 1,
nMeeM

G (v (1) = max H, (x' ()., ) = (1) f (), u(F) = .
C npyro#i CTOpOHBI:

WD @ (), 1) = f (6 (T (), T) +
+F(x(0),u (1), 1) = F(x* (1), u (T, 1) = 0.

Hostomy P, (y'(T})) > 0. Jlanee, U3 yCIOBHS MaKCHMyMa T CIIETyeT BBITIOJ-
HEHHE HePaBEHCTBA

max Hy (' (T,u, 1) = F (M) (), 1) = F(x*(T),u' (), T,) +
W ) ST (1)) = F (" (T),u’ (1), 1) ~
~ F((T),u,T) +y' (1) f (3" (T)),u, )
u i moboro u € U

v (S GO (T),u,T) = f (" (D) (1), T) +
+ P (1), (T), 1) = F(x"(T),u,T;) <0,

Otkyna monydaem, uro P, (y'(T))) = 0. TpeGosanue II TeopeMbl IPHUBOIUT K
coorHomennio y'(7,) = p'. Ananorndso nokassisaercst, uro y’(Ts) = p’.

Paccmorpum Teneps Tpaekropuro x(¢) (10). Tak kak oHa momycTuMa s 3a-
nmaun (1)—(3), To u mpouecc x(¢), u(¢), rme

u'(t), 0<t<T;
u(t)=u’(t), T, <t<T;
u’(t), T, <t<T,

sBisiercst pomyctuMbiM 1uia 3anadu (1)—(3). Ilostomy u3 (5) 3akirodaem, 4To
x"(f) — onTMManbHOE peleHne 3a1a4m
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dx
—=f(xu,t);
dt S( )

(1) =x"(T), x(T)=x"(T);

T

.[ F(x,u,t)dt - min.

pa uelU
1

To ycnosmo III x°(f) — perynsapras skcrpemans. Ilycts y'(f) — cootBer-
CTByIOIIAs edl compspKkeHHas QyHKOUS. Tak Kak MPOH3BOAHBIC )'cO(Tl), )'cO(TZ)

cymectByIOT (V), B MOMEHT BpeMeHH T4, 7> CIpaBeLIHBO YCIOBHE MAKCUMyMa

—FO(@,u’ (T, T+ (L) ()’ (1), 1) 2
> —F (" (), 1)+ (T (1), Th)

st moGoro u € U i = 1, 2. Hostomy G(y'(T1)) =0, i = 1, 2, oTKy1a Tionydaem:
G (" () =G (v (1)) =By (1)) =0;
G, (v (1)) = G, (v*(Ty)) = B, (y* (T3)) = 0.
N3 ycnosus 11 Teopemsl cienyroT COOTHOIIEHMS:
v =y (T)=p4 v (H)=v(T)=p"

Ioctpoum mns 3amaun (1)+(3) CONpSKEHHYIO M YNPaBIAIOUIYI0 (YHKIUH
CIeIyIOIUM 00pa3oM:

v'(t), 0<t<T; u'(t), 0<t<T;
v() =y, T,<t<Dy; u()=1u’(t), T, <t<Ty;
(1), T,<t<T; u’(t), T, <t<T.

Tpoiika GyHKIuA X(¢), u(f), Y(f) ¥ BEKTOPBI M, M, YIOBIETBOPSIOT YCIOBU-
AM TpUHOMNA Makcumyma 1uia 3afadd (1)—(3). B camom nene, cOOTHOIIEHHS
MIYHKTA B SBISIOTCA YCIOBHAMH TpaHCBepcaibHOCTH 1t 3aaa4n (1)—(3). OyHk-
s Y(¢) sBisiercs HenpepbiBHOH. ConpsbkenHoe ypaBHenue aist 3agaqun (1)—(3)
BbInonHseTcs Ha npomexyTkax [0, T1], [T,, T] ¢ dynkuumeit ['amunprona

H(x,u,0) ==F(x,u,0) +y(0) f (x,u, 1)
B cuiy nmyHkTa a. Ha npomexytke [T, T>] OHO CIIpaBeIIHBO, TaK Kak x'(f) —

perynspHas 3kcTpemais 1o ycinosuio 11l reopemsl. [1o mocTpoeHHIo BBIOIHEHO
ycaoBre MakcuMyMa ¢yHkuun ['aMunprona

magg H(x(t),u,t)=H(x(t),u(),t).
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Tak kax x(f), u(f) — nomyctumeblii npomecc ais 3anaun (1)—(3), Tpaekropus
(10) sBnsieTcs peryaspHOl 3KcTpemanbio. TeopeMa goka3aHa.
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OIIPEJIEJTEHUE YKCHEPUMEHTAJIbHOM 30HBI
PEI'YIIMPYEMOI'O XUMHEJOKOTI'A

Kaup. Texn. Hayk, nou. HA3APOB B. !., acn. MAJIA®EW B.T.

benopyccxuii HayuonanbHblil mexnuieckull yHusepcumem

[TocToSHHBIN POCT IIeH HA PHEPTOHOCUTENH CTAaBUT Mepe]] yueHbIMU Peciy0-
muky benapych 3amaun mo moBbILeHHI0 3()()EKTUBHOCTH CXKHUTaHHUS TOITUBA
B TOC. Tak, oxono 90 % 3akynaemoro rasa B Poccun uaer Ha BbIpaOOTKY Terl-
JIOBOW W dJIEKTpHUecKOil sHepruu. He MeHee BakHa 3ajjaya yaydIIeHHs HKOJIO-
THYECKOM 00CTAaHOBKH Ha TEPPUTOPHH PECIIyOIMKH 3a CUET CHHYKEHUS BPETHBIX
BBIOPOCOB OT MPOMBINUICHHBIX Npeanpusatuidl. Cpequ BpeAHbIX BHIOPOCOB Tel-
JIOBBIX 3JIEKTPOCTAHIMI B OKPY>KAIOLIYIO Cpey OAHUMH M3 Hanboliee OmacHbIX
BEILIECTB ABJSIOTCA OKcuabl a3oTa [1]. [loaToMy aist yBenmudeHUs! dSKoIoruye-
CKOW YHUCTOTHI CKMUTAHHUSI MPHUPOAHOIO raza B MEPBYIO odepelb HEOOXOIMMO
camkatb amuccuio NO,. Pemmth nocTaBieHHbIE 3a1a4d BO3MOYKHO TPH LIHPO-
KOM BHEAPEHHU HHEProcOeperarommx M JKOJIOTHYECKH YUCTBIX TEXHOJOTHIA,
MpUYeM B MEPBYIO OUYEpedb TAKHX, KOTOPbIE MPH MHUHUMANBHBIX KalUTaJIbHBIX
BJIO)KEHHSIX UMEIOT OTHOCHUTENILHO BBICOKYIO 3¢ exkTuBHOCTE. K HUM oTHOCHTCS
TEXHOJIOTHsl C)KUT'aHUs TOIUIMBA B KOTEIBHBIX arperatax mpu MajbX U30BITKax
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